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ABSTRACT 
This thesis presents a comprehensive set of algorithms, techniques, and accompan\ing 
diagrams for the geometric description of turbomachinerj" blades. Many of the techniques 
presented are new and cannot be found in the literature. The geometry construction process 
is broken into several steps. Each of these steps has variations that constrain different design 
parameters, enabling design-specific constraints to be met. The process of mapping curves from 
two-dimensional space to three-dimensional space is described in detail. All the algorithms are 
designed to work with B-spline curves (and in some cases NURBS curves) and produce a 
B-spline surface for the blade. 
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CHAPTER 1. INTRODUCTION 
Turbomachinery design is an iterative optimization process involving geometry" manipula­
tion and performance-predicting analysis. Understanding the interaction of a blade surface 
with the surrounding fluid is a complex three-dimensional problem. Therefore, blade designers 
have developed techniques that approximate the fluid flow with concentric, axisj-metric flow 
surfaces (surfaces of revolution). 
Blade surfaces are constructed from two or more section profile curves that reside in the 
flow surfaces. Typically, section profile curves are optimized in a two-dimensional space that 
is a parameterization of the flow surface. The resulting coordinate transformation from a two-
dimensional space to three-dimensional space distorts the shape of the section profile curves. 
This geometric distortion meJces it difficult to control the chord length and thickness. 
This work introduces a methodology* for constructing section profile curves on general sur­
faces of revolution in a way that is consistent with traditional geometry- construction techniques, 
but provides complete control over the location, orientation, size, and thickness. The process 
of mapping cur%'es from two-dimensional space to three-dimensional space is fast, with a user-
defined level of accuracy. This mapping uses a B-spline curve that characterizes the non-linear 
geometric relationship between a flow surface and its corresponding two-dimensional paramet­
ric surface. 
These algorithms can be thought of as a "toolkit" that give the designer better control over 
the blade geometry. Likewise, because these algorithms execute fast (in a computer implemen­
tation), and are based on B-spline curves and surfaces, they axe well suited for incorporation 
into a turbomachinerj' geometry description program. 
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1.1 Background 
A turbomachinery blade is a surface that transfers energj' to a fluid or takes energ>- from a 
fluid. This idea has a long history, dating back to the invention of the windmill, the waterwheel. 
and the smoke jack [74]. Even the multistage gas turbine has been around for nearly 150 
years, the earliest introduction being in 1853 at the French Academie des Sciences [42. 74. 75]. 
However, it was not until the 1930"s that any practical gas turbines were developed, the delay 
derived from an insufficient understanding of fluid d\-namics [42]. 
The most visible application of turbomachinerj* is in the aircraft industrj". In the 1930's the 
desire for air superiority caused an increase in the development of axial-flow compressors and 
turbines, two critical portions of a jet engine. By 1941 the Royal Aircraft Establishment had 
developed the F.2 turbojet [14.42]. Today, modern aircraft engine companies like AlliedSignal. 
GE .\ircraft Engines. Pratt &: WTiitney. and Rolls-Royce manufacture jet engines that are used 
in civil and military aircraft worldwide. 
Turbomachinery is also used in power generation and in ships. The power generation 
industry uses steam turbine generators to make electricity. Ships and submarines use rotating 
propellers to provide propulsion. In addition to these more common examples, lesser known 
uses of turbomachinery' include: turbochargers for automobile engines, household fans, vacuum 
cleaners, and air powered drills (e.g.. dental drills). 
1.1.1 Common blade types 
There are four diff^erent types of turbomachinerj' blades, defined bj' their shape and the job 
they perform. An axial blade either moves a fluid, or is moved by a fluid, primarily traveling in 
the direction of the center axis of the machine (Figure 1.1a). As seen in Figure 1.1b. a radial 
blade turns the fluid flow from an axial direction at the inlet to a radial direction at the exit. A 
centrifugal blade interacts with fluid that moves entirely in the radial direction (Figure 1.1c). 
Many blades are hybrids of the first three categories; a hybrid is considered to be a mixed flow 
blade (Figure l.ld). 
fluid enters 
(b) radial 
(c) centrifugal (d) mixed flow 
Figure 1.1 Common blade types. 
1.1.2 Geometry representation history 
Earl\- representations of bUule geometry were iisuaUy hand drawings or a data point set. 
A machinist would have to interpret these representations in order to make the blatle siu*face. 
Computer Aided Design {CAD) programs introduced a seamless transfer of the bhide surface 
to Compiiter Numerically Controlled milling mafrhines {CNC). In order to get a C.\D model 
of the blade, however, the CAD operator still had to create the geometry from the designer"s 
ambiguous representation. During this step the design was open to interpretation as the CAD 
operator filled in cmy missing information to achieve the target shape. Poor drawings, not 
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enough data points, or the wrong data points, were frequent problems in the transferal of a 
blade design into a CAD program. 
Without good analysis tools to guide designers, there was not much need for precise ge­
ometric control. The 1970's brought these advances, creating a need for greater control over 
the blade surface shape [25.73]. To address this need, several researchers have developed spe­
cialized CAD programs using poI>TioniiaI splines [50|. Bezier curves [26.49.76]. and Bezier 
surfaces [2.6.16.38, 80], StiU other researchers have made use of B-spline or NURBS cur\-es 
and surfaces [7.20,56.65]. Recently, professional quality CAD programs been developed that 
are customized for the description of blade geometry [3.12.13, 58]. 
The benefits of using a customized CAD program are better shape control, efficient work 
flow (i.e.. the designer does not have to figure out a clever way to construct the geometry), 
and data e.xport with no loss of accuracy (via Bezier or NURBS) [28,68,78]. The geometry 
can then be e.xported in any file format that supports analytical surfaces (IGES. STEP, etc.) 
[61.62]. This eliminates the potential for misinterpretation downstream in the manufacturing 
process [71] and helps optimize the overall design process [5. 16.20.39]. 
1.1.3 Geometry construction history 
.A. blade surface is constructed from two or more section profile curves that are positioned 
(stacked) in space. A simple surface representation can consist of just these profile curves. 
However, it is more common to mathematically blend the curves in the span-wise direction (the 
direction from the base to the tip of the blade) to produce a continuous surface (.A.ppendix A.7). 
Section profile curves are designed in a two-dimensional space. Hence, the earliest way of 
stacking curves was on parallel planes (Figure 1.2a) [73]. This method is still popular today 
in the aircraft industry for constructing wing geometry. A slightly more difficult way to stack 
section curves is on concentric cylinders (Figure 1.2b) [54]. Crouse developed a program that 
stacked section profile curves on concentric cones [18,19]. The program calculates the alge­
braic definition of the three-dimensional profile curves from the corresponding two-dimensional 
profile curves (also algebraic), the conical surface, and a stacking reference point. Figure 1.2c 
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(a) pUiiics (b) cylinders (c) cones 
Figure 1.2 Stacking on planes, cylinders, and cones. 
sIkjws sec tion profile ciir\'es stacked on concentric cones. 
The next logiccil step was to use general siirfcices of revolution. Some researchers departed 
from corLstructing blades from section profile curves and instead used surface patches with 
surfaces of revolution cis boimdaries [(i.."J8]. However, other researchers found ways to constnict 
seer ions in two-dimensional space and map theni to three-dimensional space >2f). 40. .56. .'>7.66|. 
Using a surface of revolution approximates the fluid flow better than a cyhnder or cone. 
Typically, a section profile ciu-ve is optimizetl for a fluid stream. Therefore, embedding the 
section curve in the flow surface places that section curve in the domain for which it was 
designed •4.'};. Figure 1.3 shows a blade where each section profile curve is stacked on a general 
surface of revolution. 
1.1.4 Design process 
Like all sciences which deal with complex physical systems. turbomcichiner>- design is partly 
an furt form. The process consists of several steps, some of wliich retiuire lengthy computer anal­
ysis. wliile others depend upon the designer's intuition. Hence, a designer's skiU is paramount 
in determining a suitable blade geometry- in a reasonable amount of time. 
There are several steps in this design process. From the performance requirement, which 
c ould be in the form of a pressure or velocity distribution, the designer chooses an initial 
ge<jmetr\-. Any "inhoiise" processes, analysis programs, and of course, designer experience, aid 
in the specification of the initial geometry'. Once the initial geometry is known, an iterative 
Figure 1.3 Stacking on general siirfaces-of-revolntion. 
process begins (Figure 1.4). 
Depending on the sophistication of the analysis, the designer c£vn calculate the aerody­
namic. strucniTcil. and thermodyncuiiic behavior of the blade [43i. Aerodynamic behavior 
is typically predicted iising Computational Fluid Dynamics (CFD) .software :9.10.31. 41. 771. 
wlierefis structural and thermodynamic characteristics are determined by Finite Element Anal­
ysis {FEA) .software Jl-^. G4j. Both CFD and FEA require the generation of a grid from the 
blade surfac-e ;8. 11. .50. 71. 72]. 
The bhule design process is iterative, with tlie predicted bhide performance being examined 
at eac h iteration. If the blade does not mee^t the requirements, the geometr>- is modified and 
the analysis begins again. If the blatle does meet the requirements, then the iterations stop. 
The decision to stop or continue can be fully automated [22. 24.26. .54. Gti. 7()i. or more likely, 
a result of the designer's intervention [40. 49.-50. •52]. When the above step is completed, a 
pnjtotype may be built and tested in a wind tunnel (if one is available). If the wind tunnel 
tests prove unfavorable then the process backs up a step and the computer analysis begins 
again. Finally, having met all the reciuirements. the blade is manufactured. 
The geometry' generation algorithms presented in this work fit into the overall design process 
at two phices: in the initial geometry- specification, and during the geometrv- manipulation 
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Aerodynamic 
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Figure 1.4 Design process. 
(indicated by the dashed boxes in Figure 1.4). 
1.2 Motivation 
1.2.1 Strong tradition of analysis 
The majority of turbomachinerj' research has focused on the analysis of existing blade sur­
faces. Of the small percentage of literature that does discuss geometrj' construction, only a por­
tion describes new techniques, such ais directly modify three-dimensional Bezier surface patches 
[2.6.38.80]. Other researchers have developed different ways to construct two-dimensional 
section profile curves using Bezier and polvTiomial curves [16,48]. A few researchers discuss 
methods for modifv'ing three-dimensional section profile curves [22, 40, 57]. 
The remaining references describe geometry construction in roughly the same way (e.g., 
two-dimensional profile curve by offsetting a camber curve with a thickness function) [1,32, 
42. .53, 55, 60. 79, 81]. One could consider this second group as describing the "traditional" 
methodology for geometry* construction. 
1.2.2 Geometry is critical to performance 
The interaction of fluid and blade surface is highly sensitive to operating conditions such 
as temperature and pressure, the kind of fluid (air, water, etc.), and the state of the fluid 
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(boundan* layer thickness, etc.). A small change in geometry can lead to a large change in per­
formance. Therefore, control of the blade shape is critical to the design process. As mentioned 
above, a good blade design will be a compromise of aerodjTianiic. structural, thermodynamic, 
and economic considerations. Limitations of the geometr>' description tool(s) should not be a 
factor. 
1.2.3 Advances in computer-aided design 
In recent years advances in computer aided design have revolutionized the manufacturing 
industry. Solid modeling with free-form surfaces has introduced the ability to accurately model 
nearly any part. Work done by such pioneers as Cox [17], de Boor [21], Gordon [27], and Riesen-
feld [70] have made it practical to use Non-Uniform Rational B-Splines {NURBS) to implement 
free-form surfaces in commercial computer-aided design (CAD) programs. NURBS have been 
the de-facto standard in the CAD industry for several years. However, the turbomachinery 
industry has been slow to adopt widespread usage of NURBS technolog\' [5,7.20.56.57.65]. 
One reason for the slow integration of NURBS into the turbomachinery world is that 
.\'URBS are difficult to implement. Most turbomachinery software, in particular analysis 
tools, have been written by blade designers trjing to complete their projects faster and better. 
Bezier curves, or piece-wise Bezier curves, often give the designer a reasonable compromise 
between usability and ease of implementation. 
For e.xample, the numerical intensity of the inverse design problem lends itself towards 
manipulating a smadl number of variables. Bezier curves are often chosen for these cases because 
of their inherent simplicity' and fast evaluation algorithms [28]. However. Bezier curves, and 
even piece-wise Bezier curves, do not suit the development of an interactive turbomachinery 
design program as well as NURBS do. With NURBS, a complex curve or surface can be 
represented by a single, stable mathematical definition with such properties as continuous 
derivatives, convex hull, local support, and flexible parameterization [4]. 
In this work, the parametric flexibility of B-spIine curves are exploited to facilitate the em­
bodiment of a complex mapping between two coordinate systems (see Chapter 2). In addition. 
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the algoritlmis work best with cv large number of control points. B-spline curves can readily 
liandle such requirements and remain numerically stable. For these cmd other reasons. B-
spliiies are a critical component in the development of the algorithms presented in the coming 
ciiapters. 
1.3 Blade geometry basics 
1.3.1 Coordinate systems 
A blade surface is defined in the r-z-0 coordinate .system. In the r-z plane (also knowTi aii 
rlic maridioTial plane) the flow curve appro.Kimates the two-dimensional fluid flow. Revolving 
the flow c urve about the z-axis generates the flow surface (Appendix A.G). Figure l.o shows 
six flow curves in the meridional plane with the bottom (hub) flow siu^ace. 
Figure l.o Flow curves in meridional plane with hub flow surface. 
Each point on the flow ciu-ve has a differential arc-length dm defined by 
d m  =  y j ( d r f  ~  ( d z ) '  (1 .1)  
If w<» use a parametric representation for the flow curve and integrate both sides of Equation 1.1 
we get 
f i t  j  
(1.2) m = f \ J  -r { z „ ( u ) f  d u  
Jo 
wliere m is the arc length of the flow curve at the parametric value u. 
We define m' as the arc length m normalized with respect to the radius r as 
r 
(1-3) 
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Again, using a ptu-ametric representation and integrating both side of Equation 1.3 yields 
, /•" m„(u) 
m= du (1.4) 
7 0  r { u )  
Wo tan construct a two-dimensional space with m' on the horizonal axis and d on the 
vertical tixis. Tliis m'-d space can be thought of as an imrolling and flattening of the flow 
surface. Figure 1.6 shows the relationship between r-z-6 space and m'-d space. 
1.3.2 Camber curve 
The camber cur\'e is a three-dimensional curve in r-z-6 space and the "skeleton" of the 
scc-ricjii profile curve. A mapping process creates the camber curve in r-z-O space from two-
dimensional curve in m'-6 space (see Chapter 2). Often referred to as the "20 camber" or the 
" riiera curvc". the m'-O ciu^e is mapped to r-z-d space to create the camber curve (Figure 1.7). 
Typic ally, tlie designer will work with a normalized m'-9 curve, wliich means that the distance 
frotii the leading edge to the trailing edge is 1. 
Figure l.C r-z-9 space and m'-O space 
1.3.3 Chord 
The word "chord" is probably the most ambiguous term used by turbomachinery dc?signers. 
The c iuDrd is always representative of the length of the blade section from inlet to exit, but 
a more specrific- definition is not standard and varies among the design conmiunity. The most 
common definition of chord has been the distance from the leading to trailing edge of the m'-6 
Figure 1.7 Nornuilizeci m'-d curve and corresponding camber ciu-ve. 
curve. There is no length distortion when mapping from m'-9 space to r-z-d sptu-e if the fiow 
surface is a (ylinder. In this case the arc length of the camber curve is eciual to the chord of 
the m'-O cur\'e. Likewise, if the flow surface is a cone then the length distortion is uniform 
and the arc length of the camber can be calculated from the m'-d chord [18i. However, if the 
ticnv surface is a g(>neral surface of revolution then the distortion between m'-d space and r-z-d 
space can be too great to ignore and is not easily quantified (sec Section 1.4). 
In this work tiie chord is defined as follows: given a line segment in m'-6 space of an arbitrary-
length. we map that curve to r-z-6 spcic-e such that it is embedded in the flow surface. The 
arc length of the resulting r-z-6 curve is the chord. Figure 1.8 .shows an arbitrary- straight line 
in m'-9 space with a length d. The corresponding r-z-d cur\-e that results from mapping the 
m'-O cur\-e has an arc length of c. With the flow surface being a general surface of revolution, 
t h e  t w o  l e n g t - L s  a r e  n o t  e q u a l  { c  ^  d ) .  
1.3.4 Thickness function 
The thickness function is used to offset points from the camber curve to create the upper or 
lower .section profile curves. Also known iis the thickness distribution, the thickness function 
is d(>fined in a two-dimensional space with the vertical axis representing the thickness (f) or 
the thicJvn<\ss normalized with respect to chord {t/C). The horizontal axis represents the 
percentage of camber arc length. There are two tliickness fimctions. one for the upper and one 
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Figure 1.8 Definition of chord. 
for the lower .section profile cjirv'os. Using two thickness functions facilitates the constriictiou 
of a non-synuuetriccil section profile ciirv-e. Section 1.3.5 and Chapter 4 describe how the 
rhicknc'ss func tions are used along with the camber curve to create the section profile curve. 
0.5 
t/c 
% camber 100 
Figure 1.9 Thickness function. 
1.3.5 Section profile curve 
A section profile curve is ccjiistructed from a camber curve and the upper and lower thickness 
fimctions. Figure 1.10 shows a planar section curve. The thicknc^ss fimctions are used to offset 
the camber ciu-ve to create the upper and lower half-secrtion ciu^'es. As seen in Figiure 1.10. 
point .4 is located at percentage of the camber arc length {s). Using the upper thickness 
func tion we can get the thickness t associated with the percentage camber arc length s. Point 
B is found by extending a normal to the camber at point A b\' a length t. Repeating tliis 
procedure for a sufficient number of points we can then interpolate those points to define 
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section 
camber 
Figure 1.10 Plancir section ciirv*e. 
rhc iipfxT half-section curve (see AppendLx A.IO). The stime procedure is used to constrnct 
rhe Io%ver half-secticjn curve. Finally, the two ciu-ves are joineti into the section curve (see 
Appendix A.S). Although this example is two-dimensional for simplicity. Chapter 4 describes 
liow this is df)ne in three-dimensions, directly on the flow surface. 
1.3.6 Blade surface 
After creating section curves for all desired layers (t\-pically. one per flow surfac-e) the blatle 
•siirfac-e is coiLstructed b\- lofting the section curves (see .\ppendix .\.7). Figure 1.11a shows six 
sec tion ciu-ves and Figure 1.11b shows the blade coiLstructed by lofting these .section curves. 
(a) section curvcs (b) blade surface 
Figure 1.11 Section profile curvcs and lofted blade siuface. 
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1.3.7 Solidity 
.\.s £i tiuid approciches a blade row it is redirected to pass through the spaces between the 
l)lados. If the spjices are small relative to the cross-.se{-tloual area of the passage then the 
blade row is presenting a relatively "solid " barrier to the fluid. Likewise, if the spaices are big 
comptired to the passage area, then the fluid is less obstructed with solid material (Figure 1.12). 
Figure 1.12 V'cir\-ing sohdity. 
We define sohdity (<t). as the ratio of chord to spacing 
where c is the chord and s is the spacing between the bUides [42]. The spacing (s) is the 
frac-rion of the circumference at a given radius (r) 
27rr 
s = —  ( l . f i )  
where .V is the nimiber of blades in the blade row (Figiure 1.13). 
cam ber cu rve flow su rf ace 
Figure l.l.'J Definition of solidity. 
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Eciuatioius 1.5 and l.G are based on the assumption that the flow surface is a cyUnder because 
rliere is a single term for the radius (r). However, when calculating the solidity for a blatle 
rliar hius been constructed from profile cur\'es on general siirfaces-of-revolution. a chaxcicteristic 
radius must be chosen. A good choice for the characteristic radius would be the average radius 
along f ile camber curve or the melius at some percentage arc length of the camber curve. 
Finally, it is worth noting that solidity does not completely charcicterize tlie amount of 
solid material obstructing the fluid flow. Holding the sohdity constant, we could increase the 
thickness of the blade sections, decreasing the blade passage area. This would make it more 
difficult for rlie fluid to "squeeze" tlirough the blade passcige (Figiu*e 1.14). 
Figure 1.14 Constant solidity with v-arying ptussage cu-ea. 
1.3.8 Stagger angle 
If we draw a straight line from the leading edge to the trailing edge of the m'-d curve, and 
measured the angle between this line and the m'-axis. we measiured the stagger angle. The 
stagger angle is preserv-ed when the m'-6 cur\'e is mapped onto the flow surfacre to become the 
camber curvc (Section 1.4.1). Mapping algoritluns covcred in Chapter use the stagger angle 
JUS a design constraint to solve for the camber curve. Figure 1.15 shows the definition of the 
stagger angle. 
1.3.9 Stacking point 
The stcicking point is a reference point on the flow surface. Beccvuse it is on the flow surface 
if will also have an m'-coordinate associated with it. One way of defining a stacking point is to 
1() 
Y = Stagger angle 
9 > 
m 
Figiure 1.15 Stagger angle. 
iLsc a srafking curve (sometimes called the stacking axis). Figiire 1.1(5 shows how intersecting 
a stac king c iirve with the flow surface produces the stacking point. With a stacking curve the 
designer can control the span-wise shape of the blade surface (i.e.. tilt and lean). However, the 
method of clioosing a stacking point is arbitrcU-y. it simply has to determine a valid point 
on the flow siurface. 
Blade designers use a two-dimensional space whenever possible. One reason for using a 
two-dimensional space is that CFD eind FEA analysis takes more time to perform in three 
tlimensions. Often a designer will only work in a two-dimeasional space until the design is 
stacking curve 
flow curve 
stacking point 
Figiu-e I.IG Stacking point. 
1.4 Properties of m'-O space 
17 
"clixso." HiicI then perform the three-ciiiueosional analysis. Another reasoa for favoring two 
cliriK'iLsion.s is that geometr\' is difficult to manipulate in three dimensions. An interactive 
CAD tool should provide manipulation of geometrv- in a two-dimensional space and make the 
corresponding update to the three-dimensional blade geometry when appropriate [oG 0 8 ' .  
The geodesic domain of a flow surface is two-dimensional, and can be characterized in 
several ways, the most popular being m'-d space. There are two important properties of m'-6 
space that a designer must consider, namely, angle preservation, and length distortion. 
1.4.1 Angle preservation 
The concept of angle preservation is best described with an example. Figure 1.17 shows 
an arbitrar\- curve in m'-O space. We calculate the tcingent (CJ,) to the ciu^'e at an arbitrarv-
point and the angle (Q') this tangent makes with the horizontal vec-tor (S'^). We map 
that curve to r-z-0 space and at the point {m'..0,) we calculate the tangent to the curve (Cu). 
the tangent to the surface in the u-direction (5,x). and the angle between the vectors C,, and 
S„ (q). Due to angle preservation, q' = q. 
In practical terms, angle preservation means that when defining the m'-d ciu:\-e. the designer 
kiKjws that the angle between a tangent to the m'-d curve and tlie horizontal at some point 
(m',.9,) is equal to the angle between the tangent to the camber curve and the approximate 
m'-d curve 
•SJ 
m 
Figure 1.17 Angle preservation. 
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direction of the fluid flow at the same point {m',,6.)} 
To prove angle preservation we look at Figure 1.18. If we examine a differential length of 
the camber curve in r-z-d space, we see that the tangent of the angle a is defined as 
tana = —— (1') 
dm 
Also from Figure 1.18. the tangent of the angle a' in m'-9 space is 
de 
tana = -—- (1-S) 
dm' 
From Equation 1.3 we know that dm' = dm jr. Substituting this into Equation 1.8 we get 
d9 rde 
~ dm/r ~ dm 
which, from Equation 1.7. vields 
tana' = tana (1-9) 
Using the trigonometric reduction formula 
tana = tan(a — 180) 
and Equation 1.9. we find that a' = a or a' = a — 180. The second case, a' = a — 180. implies 
that the parametric direction of the camber curve (relative to m'-6 space) is opposite to that 
of the m'-9 curve. In either case, however, the angle that the camber curve makes with the 
fluid flow is the same. 
1.4.2 Length distortion 
If we take a very thin, square piece of clay and draw a line segment of length s on it. and 
then curl the clay end-to-end so that it makes a cylinder, the line segment is now a curve of 
arc length s. We do not stretch or compress any portions of the clay in the process of rolling 
it into a cylinder, we simply induce a curvature. Because we do not distort the clay we have 
preserved the length of the line segment. Now stretch some portions and compress others until 
'The fluid is assumed to flow in the direction of increasing m at a constant 6 on the flow surface. However, 
in most rea] world situations the flow is turbulent. 
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Figure 1.18 Angle preservation proof. 
rhc clay cylincier looks like a vase. If we mecvsiire the arc length of the line on the vase it will, in 
Scnieral. nor be 5. Topologically. the piece of clay did not change, however, we have distorted 
ir. The planar m'-0 space is like oiir flat piece of clay and a general siirfcice of revolution flow 
s\irface in r-z-0 space is like oiir vase. 
-A-s seen in Figure 1.19. the length of a differential piece of the camber curve is given by 
ds = \J{dm ~ (rdOy- (1-10) 
The length of a differential piece of the m'-d curve is 
ds' = sj'idm'y-i _ (^0)2 (1 11) 
L'sing Equation L.'i to replace dm' in Equation 1.11 we get 
ds' = \J (dm/r)'^ —  (d9)''^ ( 1 - 1 2 )  
Multiplying r he right side of Equation 1.12 by r/r yields 
ds' = ^y^dm)'^ -i- (rdd)'^ (1-13) 
From Equation 1.13 and Equation 1.10 we see that ds = rds'. The differentiiil arc length ds 
is direr:tly proportional to the differential arc length ds'. If the flow surface is a cylinder with 
Figure 1.19 Length distortion proof. 
n radius of one then each ds that we calculate will be equal to ds' (i.e.. no length change). A 
radius greater than one will evenly stretch the curve {ds > ds') and a radius less than one will 
evenly c-onipress the curve {ds < ds'). 
T(j further explore length distortion we look at how the distortion varies m' depending on 
the siiape of the flow surface. Figiu-e 1.20 shows a grid of 20 x 20 points distributed evenly in 
m'-6 spac e. The same points are shown on a generiU surface of revolution. Noticc that since the 
surface is relatively cylindrical the distances between the adjacent points in the m'-direction 
are nearly the same. Also, the distances between the points in the 0-direction for adjacrent m' 
valuers iU'e simikir. 
Figure 1.20 Minimal length distortion. 
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In coiitrasr. Figure 1.21 shows the same grid of 20 x 20 points in m'-6 space mapped to a 
general siirftu e of revolution that luis a more extreme change in radius. The chstances between 
adjacent points on that surface are not consistent (i.e.. there is a lot of distortion). The regions 
where the radius is less than one have been compresseti while the regions where the radius is 
greater than one have been stretched. 
In some design situations length distortion Ls not a problem. For example, if the designer 
is specif\-ing an inlet and exit radius for the camber ciuve (which is conmion for radial blades), 
then the length distortion is not considered. In this case the chord "falls out " of the mapping: 
that is to say. it ha.s to be measured from the camber ciu-ve after it is mapped to r-z-d space. 
Length distortion does create a problem when the designer wants to hcive control over the 
size of the camber curve by specifying the chord or solidity. The length distortion is also a 
challenge when control over the tliickness of the section profile curve is critical. In this work, 
an iterative method is used to find the camber curve such that the desired chord or sohditv is 
met. Another iterative method is used to construct the blade .sections directly in r-z-d space 
.so that they get the correct thickness. A full description of these methods is described in detail 
in Chapters .'J i: 4. 
Figure 1.21 Extreme length distortion. 
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CHAPTER 2. COORDINATE MAPPING 
Blades are constructed from section profile curves that are embedded directly in the flow-
surface (Figure 1.3). The section curve is constructed from two thickness functions and a 
camber curve. The camber curve is also embedded directly in the flow surface. However, a 
designer t^-pically works with a two-dimensional normalized m.'-9 curve (Figure 1.7). In order 
to construct three-dimensional r-z-9 curves from two-dimensional m'-B curves (and vice versa) 
there must be a one-to-one transformation between the two spaces. The process of transforming 
between m'-O coordinate space and r-z-G coordinate space is called mapping. 
2.1 Creating the map 
To facilitate the conversion between Tn'-6 space and r-z-Q space, a coordinate map is con­
structed. Creating the coordinate map involves building a four-dimensional B-spline curve 
that is unique for a given flow curve. The flow curve geometry can vary widely (e.g.. for a.xial. 
radial, centrifugal, or mixed flow). The coordinate map has to be robust enough to accu­
rately describe the relationship between r-z-9 space and m'-9 space for any general surface of 
revolution. 
To understand what the coordinate map does, it is best to start with a simple example. 
Figure 2.1 shows a straight flow curve of constant radius (r.). If we measured the arc length 
along the flow curve (m) it would be the same as the axial coordinate {z). When r(u) = r.. 
Equation 1.4 reduces to m' = m/r,. To map an m.'-6 point to r-z-9. we know r = r.. therefore 
z = m = m'r,^ and 9 = 9. 
In the above example there is a Unear relationship between the radius (r), the arc length 
along the flow curve (m), and the normalized arc length along the flow curve (m'). One could 
Figure 2.1 CylindricfU flow surfcice. 
"uiiwTcip" the cylinder into a planar space without distorting the surface. Figiu*e 2.2 shows an 
firbirrar>- ctir\-e (.4) with arc length 5 on a cylinder. The same curve. B. which also has an arc 
length of 5. is shown on the "unwTapped" cylinder. 
Ill tlu' more general ciise where r is not constant with respect to m. there is no Wciy to 
"unwrap" the surface of revolution into a planar space without distorting it (see Section 1.4.2). 
Here, the rolatiousliip between r.z and m' is aonlinear i(i3i. The coordinate map captures this 
coriiple.x relationship in the form of a B-sphne ciu-ve. 
Figm-e 2.2 UmvTapping a flow siu-ffu:e. 
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2.1.1 Tessellating the flow curve 
The tirsr srep Lii cTcating rhc map is to tcssellatc rhc flow ciirv(\ The mcthoci of tcssel-
latiori is turbirrar>'. fUici can be based on heuristics. However, since the map creation involves 
iiifj-rpcjlarion. the resulting tessellated points should be sufticient to describe the curve (i.e.. 
there should not be any big gaps). Thrtv methods of tessellaring the flow curve are described: 
sampling the flow cui-\'e at even parfimetric stops; determining parametric values based on a 
chord height tolerance: cind a hybrid method that iLses c-hord height tolerance with a minimum 
parametric step. 
The simplest method is to Simiple the flow curve at n even piirametric steps. This is the 
easiest of the tliree methods to implement in computer cotle. The problem with this method 
is rliat. because the pcU-ameterization of tiie flow ciUAe nuiy var\\ there may be Uu-ge gaps in 
the re.ssellattHi points. Even if the ciu-ve is prxrrunotrically well behaved, it is ilifficidt to choose 
rlie minimum number of parametric steps (n) such that the resulting set of points is a good 
rejjresentation of the flow curve. If too many poinrs are iLsed. then the map creation can be 
slow. ALso. the mapping of points (once the map is created) can become slow. This may 
be imdesirable depending on how th(> algorirlmi is being used (for example, in an interfu-tive 
gcomerric- design program). 
In some situaticjiis iLsing a chord height tolerance to tes-sellate the flow curve \-ields a better 
r(>sult. In tliLs method the flow ciu~ve is subdivided until the chord height of all the ciu-\-e 
segments fure witliin a specified tolerance (Figure 2..'}). 
One problem with the c-hord luMght method arises wlien the flow crurve has regions with 
chord height 
r 
Figure 2..'} Chord height tolcrance. 
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tessellated points 
too long »j 
Figure 2.4 Bad tessellation. 
small furvature (Figure 2.4). The tolerance c-an be met with large line segments (relative to 
the arc length of rh(> enrve). resulting in too few tessellated points to create an acciircite map. 
One way to handle the long step sizes that can result from a chord height tolerance tessel­
lation is to specify a miiximum piu-ametric interval. In this method, a chord height tolerance is 
iLsed to find the initial pfu-ameter set. Then any parametric inter\-als that exceed the specified 
maximum are bisected. The bisection step is repeated until all parametric step sizes fu^e less 
than the specifietl maximum. Figure 2.n shows the curve from Figure 2.4 tessellated using this 
method. 
(Joints are interpokited using a centripetal partuneterization to create a three-dimensional curve 
from chord height 
from maximum 
interval constraint 
Figure 2.o Good tes.sellation. 
2.1.2 Calculating m 
Once the flow curve Ls tessellated into n -r 1 parametric- values (uo.ui Un) ^ve can 
evaluate the flow curve with those parameters to obtain {n).r\ r,i) and (ro.ci c„). 
Then the arc lengths at eac:h u, {mo. mi mn) urc ccilculated using Equation 1.2. These 
r(u) 
C(u) = c(u) 
m ( u )  
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C(u) should be nearly identical to the flow curve with the exception of the additional third 
dimension (m). 
2.1.3 Calculating m' 
Next we evaluate the intermediate curve C(u) with + 1 evenly spaced parameters to 
obtain (rg. RI,.... r/^.). (ZQ. zi,.... z/c) and (mo-mi rni-). Because C(u) was constructed 
using a centripetal parameterization we can sample it at even parametric steps knowing that 
the resulting points will be evenly distributed over the curve (or nearly so). The number of 
parametric samples, k -h 1, should be large enough to accurately represent the character of 
C(u). but not too large as to make the algorithm slow. In practice, k -h 1 can be the same as 
the number of initially tessellated flow curve parameters (n). After we evaluate the r. z. and 
m values from C(u) we use Equation 1.4 to calculate {mQ,m\ 
2.1.4 The coordinate map 
.A.S with the creation of C(u). we use a centripetal parameterization and interpolate the 
coordinates r,. m,. and m[ (0 < i < k) to create a four-dimensional B-Spline curve 
r { u )  
= { u )  
m ( u )  
m ' ( u )  
M(u) = (2 .1 )  
where M(u) is the coordinate map. With this method we use a four-dimensional point set 
where each coordinate exactly corresponds to the other three coordinates. This is in contrast 
to a previous method that simply c2dculated m' control points and appended them to a refitting 
of the flow curve [30, 56,65]. 
2.1.5 The inverse map 
One last step is required to make tisage of the coordinate map faster when implemented in 
computer code. The curve M(u) is evaluated at a -f- 1 even parametric values (uq. ui Ua) 
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Tt) obraiu (nj.ri r,,). (ro. ci ( m o - m i  m„). and m'j. Agtun. a  
.siujiild b<' sufficiently large tus to capture the properties of M(u). but not too large cus to 
slow down the algorithm. Now we interpolate the it-coordinates with the m'-values as tlie 
independenr vrU^iables. We ctin do tliis because m' is. by detiaifioa. increasing. The resulting 
one-dimensional B-spline curve is the inverse map 
I M ( m ' )  =  u ( m ' )  (2.2) 
2.1.6 Potential causes of inaccuracies 
In order to have an cicciu"ate inverse map { I M ( T n ' ) )  it miust be crontinuously increasing (i.e.. 
> 0 for all m'-vahies in range). When creating the inverse map the u-v~alues were 
interpolatf'd using the corresponding m'-vfdues as the independent v-ariables. In most cases this 
will result in a B-spline curve that is continuoiLsly increasing. This is bectmse the centripetal 
firririg that was done with C{u) and M(C') have created ptirametric stability. However, it is 
possible for IM{m') to not be continuously increasing. Figure 2.6 shows the curve IM(m') and 
its control points. Figure 2.7 shows the same inverse map drawn with a constantly increasing 
\-ertical value. Notice the region where the curve is not continuously incretising in the m'-
directitju. 
m' ¥• 
Figure 2.6 Plot of inverse map. 
The inverse map is checked for this degeneracy. If it is found to not be continuously 
increasing then it is not used. The inverse map is not an essential component, it just serves to 
make a computer implementation of the nuipping process rim faster. When the inverse map 
carmot be used, a N'ewton-Rciplison seiirch can be used instead. Section 2.2 discusses in detail 
how tho inverse map and the Newton-Riiphson search are used. 
2S 
increasing m 
decreasing u 
Figure 2.7 Bad parfuiioterizarion of inverse map. 
2.2 Using the map 
Tlu* purpose of the coordinate map is to facilitate the conversitjn of B-spline c-urves between 
ni'-d spaco and r-z-d space. Given a two-dimensional B-spline c-urve where the first coordinate 
of the control points cire m'-values and the second coordinate of the control points arc 0-values. 
a tlirec>-dimensional B-spUne curve is constructed where the coordimites of the control points 
ar(^ r. z. anil 6. Tliis r-z-6 B-spline cur\-e will have the .same number of control points, the 
same order, and the same knot vector cus the m'-d B-spline cm-ve. Evaluating the r-z-d cur\-e 
and the m'-d curve with the same parameter (a) will yield r. z. and m'-values that correspond 
rtj each other. Tliis means that if we were to measure the m'-v-alue of the flow ciu-ve at the 
resulting r and c-values. it would be the same as the m'-value we foimd from evaluating the 
m'-O c-urve'. Likewise, the 0-values resulting from evaluating the r-z-6 and m'-6 curves with 
the same parameter (u) will be equal. 
2.2.1 Mapping from m'-d to r-z-0 
The first step when con.structing a new r-z-d B-spline c-urve from an m'-d B-spline curve 
is to convert the control points. If the inverse map (Equation 2.2) is valid (i.e.. it is con­
tinuously inc-reasing in u cVS m' increa.ses) then IM{m') is eraluated with eac-h control point's 
rn'-c ocjrdinate. Otherwise, if the inverse map is invalid, a N'ewton-Riiph.son search is conducted 
on M(u) to find the u-values that correspond to the given m' and 0-values [GO]. The Ncwt,on-
Raf)lison search is the second choice because it is considerably slower than a direct evaluation 
of IM{m'). The resulting u-values are then u.sed to evaluate M(u) (Equation 2.1). yielding r. 
' rouiiduff errors iind mat-hine prct-ision. 
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c. rn .  aiul nj'-vaJucs. 
\Vc then proceeii to piece together a new B-.spUne ciu~\e. Figure 2.8 sliows how an r-z-d 
D-spliue ciir\-e is constructed from an m'-d B-sphne curve. The dimension, order, and number 
of conrrol points are specified. Then the knot vector is copied from the original m'-O curve. 
Finally, the r. z. imd 0-values calculated from M(u) become the new control points. 
m '-0 B-spline curve 
Dimension = 2 
Order = pt-1 
Number of Control Points = n*•  ^
Knot = [%iy, 
Control Pomts = [mo'./n,' mn"], 
^ r-z-d B-spline curve 
Dimension = 3 
Order = /xl 
Number of Control Points = n+1 
Knot = [(ifa.u, 
Control Points = [rg. r, rj, 
t^b.^i -zJ. 
t^t. On] 
m' • Coordinate Map 
9 = 8 
r z 
Figure 2.8 Mapping a curve. 
Since w(> map m'-6 control points to r-z-d control points, there luus to be a sufficient number 
of m'-d control points to build an accurate r-z-0 cur\-e. If the m'-d ciu-ve does not have enough 
contnjl points, the resulting r-z-d curve will not be embedded directly in the flow surface. An 
alternative method would be to first tessellate the m'-d curve and map thcxse points to r-z-d 
space. The r-z-9 curve would then be constructed bj- interpolating those points, most likely 
with a centripetal pcirameterization. This methofl is not used becaiuse of the additional time 
required to interpolate a curve. For reasons that jire explained in Chapter .'5. the mapping 
algorithm ha.s to be tis fast cis possible. 
The m-values are not used when converting from m'-d to r-z-d. However, the same logic 
can be followetl to convert between r-z-d space and m-d space, or between r-z-d space and 
m-rd space. Therefore. M(u) includes the dependent variable m to facilitate such conversions. 
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2.2.2 Mapping from r-z-0 to m'-6 
Unfortunately, we cannot create an inverse map for r or z that will work for all flow curve 
geometries. If we know, for example, that only axial flow curves are to be considered (i.e.. r 
is increasing), then a curve similar to IM{m') could be constructed that mapped a r-value 
to a parameter {u). These parameters could then be used to evaluate M(u) to obtain the 
needed m'-coordinates. In the general case, however, a Newton-Raphson search must be used 
on IVI(u) to calculate the u-values that correspond to the r- and c-coordinates of the given 
control points. 
When the u-values are found. M(u) can be evaluated to obtain the m'-values. It is worth 
mentioning that a smart evaluation algorithm is beneficial here. In this case we only need the 
last dimension of M(u) evaluated. There is no reason to calculate the other three dimensions 
when they will not be used. Once we have the m'-values we can construct the m'-O B-spline 
using a method similar to the one in Section 2.2.1. 
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CHAPTER 3. CAMBER CURVE 
This chapter describes the algorithms used to create a camber curve that meets the de­
signer's specifications. The algorithms fall into three categories: two-dimensional iterative 
methods: one-dimensional iterative methods: and methods that require no iterations. All of 
the methods operate on the m'-O curve and require the specification of design constraints. 
Most of the methods require the specification of a stacking point. 
3.1 Constraints 
In order to solve for a camber curve we have to constrain the solution space. Assuming 
that the stagger angle (Section 1.3.8) is to remain constant, there are two needed constraints 
to solve for a camber curve. The constraints are separated into two groups, A and B. The 
designer must specifv' the first constraint from group A and the second constraint from group B. 
Table 3.1 and Table 3.2 show the constraints in group A and B. respectively. 
Table 3.1 Group A constraints. 
No. Description 
.41 
Ao 
-43 
Percentage of camber curve arc length at the stacking point 
Percentage of chord at the stacking point 
Inlet m'-G coordinate 
If special knowledge about the solution space is known then additional constraints can be 
added. For example, if we know that all of the flow curves will have a continuously increasing 
radius (i.e.. a radizil blade) then specifying an inlet radius or exit radius will work. However, 
if the radius of the flow curve is not continuously increasing then the problem may have more 
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Table 3.2 Group B constraints. 
No. Description 
Bi Chord 
Bo Soliditv 
B3 Camber curve arc length 
Exit m' 
Bs Exit 9 
tiian one solution. Likewise, choosing two constraints from the same group will cause the 
problem to be either over-constrained or under-constrained. 
3.2 Method types 
Depending upon the selection of the first and second constraint, the method needed to 
solve for the camber curve will fall into one of three categories: a two-dimensional iterative 
method: a one-dimensional iterative method: or a direct method not requiring any iterations. 
For e.xample. if the designer chooses to stack the camber at 25% of its arc length (constraint 
.4i). and wants a chord of 2 units (constraint Bi). then in order to find this camber we 
must solve a two-dimensional optimization problem. Other combinations, like constraints .4-2 
and Bi- are one-dimensional optimization problems. Table 3.3 summarizes the relationship 
between different combinations of constraints and the tj-pe of methods needed to find the 
camber curve. In the table, a two-dimensional iterative method is indicated by "20 ". a one 
dimensional iterative method by "ID", and "OD" indicates a direct method that does not 
require any iterations. 
Table 3.3 Summary of constraints and method types. 
No. Bi Bo Bz B, B-o 
>li 2D ID 2D ID 2D 
A2 ID ID 2D ID ID 
A3 ID OD ID OD OD 
ly.i 
3.3 Two-dimensional iterative methods 
Several c-ornbinar.ioiis of coiLstrairits necessitate the iise of rwo-cliinensional iterative metli-
cj(l.s. These methods have to deterriiine an offset and scale for the m'-O curve such that, when 
it is mapped to r-:-d spare, the constraints jire met. 
3.3.1 Percent camber and chord length 
This section discusses in detail the method iised to determine a camber curve that is posi-
rioneti on the flow surface such that; it iufer.sects the stacking point at a spec-ificxi percentage 
of its arc length (constraint .4i). and it hcis the proper chord length (constraint Bi). This 
is acc omplished by finding the proper trimsUition and scale for the m'-d curve, such that the 
above constraints are met. 
W'e could translate the m'-d curve in either the m'- or ^-direction. However, translating in 
the 0-direc-tion does not chcmge the shape of the resulting r-z-d curve (i.e.. length di.stortion 
from m'-O space to r-z-d space Ls constant in the circmnferential direction of the flow surfcicre). 
Therefore, there are two independent \-ariables: the offset of the leading edge in the m'-direction 
im'i): ami the sc-ale factor (c'). Figure .'{.1 shows how and (/ relate to the size and placement 
of the camber curve. The resulting chord length (c) is. in general, not eqiml to the scale 
factor c'. 
Figure .'i.l Definition of mj and cf. 
34 
3.3.1.1 No derivative information 
The problem we have to solve can be described as 
[ d , s ]  =  f { m ' i . c ' )  (3.1) 
where d is the error in the camber curve's placement and s is the error in the camber curve's 
size. Several optimization techniques were considered to solve this equation. 
A gradient method requires the calculation of derivatives. However, in this problem space 
a derivative is extremely difficult to calculate. The same input, with a different flow curve 
or stagger angle, can create a different output. The function to differentiate would have to 
somehow have the definition of the flow curve and the stagger angle as independent variables. 
.Another characteristic of this problem space is the inability to determine the boundar>-
conditions. For example, an m'-value that is larger than the maximum m'-value on the flow 
curve will not have a corresponding r- and .:-value. This means that it is possible to scale 
and/or offset the m'-9 curve such that some or all of its control points will not be defined in 
r-z-6 space. However, if we make the stagger angle vertical (i.e.. = ±90°) then the same 
rn'-9 curve maj' map to r-z-6 space just fine. 
For these reasons a Nelder-Mead Simplex was chosen as the optimization technique [69], 
-A. Nelder-Mead Simplex does not require any derivative information or boundary conditions. 
Also, a Nelder-Mead Simplex should (in theory) always converge. 
3.3.1.2 Initial guess 
-A good seed value for the Nelder-Mead Simplex is critical if we want a fast convergence. If 
the current constraints are similar to a previous set of constraints then we can take advantage of 
the historical information to determine a good seed. For example, assume we found a camber 
curve wth a chord of 2.5 units and we stacked it at 45% of its arc length. This iteration 
resulted in an mj-value of 4.7 and a c'-value of 1,4. Now we want the chord to be 2.6 units and 
we want to stack the camber at 50% of its chord length. In this case we can seed the Simplex 
with the previous answer of = 4.7 and d = 1.4. 
3ri 
If liLsroric-al informatioa is absent or inappropriate, then the seed can be set by tvssimiing 
a cylindrical flow surface. Similar to our iirgunient in Section 2.1. Equation 1.4 tells us that 
\vh{>n rhe How surface is a cylinder, the lengt.h distort,ion is uiiifomi and directly proportional 
ro rhe ratliu.s. We can use that knowledge to form the relation 
, c c = -
r 
( • i - 2 )  
wiiere c is the chord length of the camber, and r is the rjidius of the cylinder. Since we most 
likeh" do nt)t have a cylinder we Ccin approximate d as 
, c (3.3) 
' .fp 
where r,p is the ratlius of the stacking point. ••ip 
Figure 3.2 shows how we calculate the initial guess for mj. If we neglect length distortion 
then c-oiLsrrainr .4i tells us that c*) = cZ-Ai. The di.stance m| is then 
m'l = m'^p — c\ cos - (••i.4) 
where is the m'-coordinate of the stacking point. 
3.3.1.3 Error Function 
This method is iterative, with each iteration consisting of .several steps. Before we begin 
d<'scribing rhe .steps, we need to understand the initial conditions. We have an m'-d curve 
chord line IX 
stacking point 
m, m. 
Figure .3.2 Percent camber and chord: initial guess. 
normalized m -d curve 
Figure 3..'} Percent camber and chord: initial conditions 
with a normalized chord length { c f  = 1)- ^Ve also have a stcu-king point on the flow surface. 
Figure .'J.-'i shows the normalized m'-O c-iLr\'e and the stacking point. 
The first step in the iteration is to scale the normalized m'-6 curve by d. and then to 
rraiislate it by m\. The m'-6 curve is then mapped to r-z-6 space. Figure 3.4 shows the scaled 
and translated m'-O curve and the rosidting camber ciu-ve in r-z-d space. 
m curve 
'•1, 
Figure .'3.4 Percent camber and chord: mapped camber crurve. 
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XcxT. rho pcnnt on the camber ciirve at the speciliecl perc entage of arc length Ls cieter-
tiiined. This step, finding the parameter given tin arc length, is done using a N'ewton-Raphson 
search The derivatives tire approximated with 
/'(X) = 
dx 
The algoritlun looks for the pfirameter v-alue (u.) such that ^si. the tire length of the curve 
from u,nin to Uu. is the target arc length. The error fimc-tion for tliis NeA\t()n-Raphson search 
is simply .si miniLs the target arc length. 
As seen in Figure once tlie point at the specrified percentage arc length is determined 
(P). the two-dimensional distance between P anil the stacking point is calculated. Since the 
stacking point and P are points in r-z-9 space, when the 0-coordinates are dropped we have 
••rotated" the points into the meridional plane. 
m -0 curve 
Figure 3.5 Percent camber and chord: calculating d. 
The two-dimensional distance is then 
d  =  v'Vp - r^p)- - { Z p  -  z ^ p ) ' -  (;}.«) 
where rp is the radiius of point P. Zp is the ii.xial-coordinate of point P. r^p is the radius of the 
stac king point, and z^p is the axial-coordinate of the stacking point. 
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The next step is to dctcrmim" the chord length (c) t)f the camber curve. Recall from 
Section that the chord is the arc length of the curve that results from mapping a straight 
Hue connecting the leading and trailing edge of tlie m'-6 curve. Figure .'{.(i shows tiie m'-d 
curve with its chord line, the mapped cfimber curve, and the mapped chord line. 
m'-0 curve 
chord line 
Figure 3.(5 Percent c-amber and chord: meaiiuring the chord. 
W'e now have the values needed to calculate the error 
^ (c Cinrtjrl)~ 
where d is the twodimensional distance calculated from Equation .'5.(J. c is the chord length 
of this iteration's chord line, and CianjH i-s the chord length specified by the designer (con­
straint Si). If t is the specified tolerance, the iterations stop wiien e < t. \t that point we 
have the needed m[- and c'-values. 
It is possible to weigh the two terms in Equation •'}.() 
C OLtl" 3{^ C Ctanjf't )*" (3.8) 
where a and 3 TU-e the •"weights". By adjiLsting Q and 3. the error can bias either the two-
dimensional distance or the difference in chord values. However. Equation .3.8 does not seem 
to corLsistently decrea.se the convergence time, and can even increti.se it in some cases. 
Wliini rtic irorariouii stop the camber ciirve will look like the one in Figure The stacking 
point and rhe point P are ciligned (i.e.. the differences between tlie r- and ::-coordinates are 
witliin tolerance). However, there is a difference in the 0-coordinare of the two points. This 
A^-valiu' is meiisiired and stored for iLse in rhe next step. 
In rhe final step, rhe m'-d c-iirve is scaled by the c'-valne and translated by the mj-vahie 
found in the iterations. Then, imlike during the iterariorus. the m'-6 ciir\'e is trarLslated in 
the 0-direc-rion by the A0-vahie found in the hust step. The m'-6 curve is then mapped to 
r-z-8 spac(>. The residting camber curve passes through the .stacking point at the specified 
percentage of its arc length, and hfis the proper chord length. Figure :i.8 shows this hist step 
with rhe final camber curve. 
It is worth noting that even though the intersection of the camber curve and the stacking 
point (K'curs at rhe percentage of arc length specified by the constraint .4.[. the stime is not 
true for t he m'-6 curve. Figure 3.9 shows the final camber curve with tiie circ length before 
and after tiH> stacking point indiccited b\' si and S). respectively. The .stacking point is also 
shown where it intersects the m'-d curve. Length distortion causes the following relation 
m curve 
Figure .'5.7 Percent camber and chord: convergence. 
Si  - t -  So  
(.3.9) 
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m curve 
Figure 3.8 Percent camber and chord: final step. 
3.3.2 Percent camber and camber arc length 
In this secrtion we describe how to build a camber curve that intersects the stacking point 
at a specitied percentage of its circ length (constraint .4i). and has the correct totjil arc length 
(cotLstraint This method is ven,- similar to Section 
Probably the best initicil guess for d is found by borrowing the idea in Equation 
c' — (;}.10) 
r.p 
where ,5 is the specified circ length of the camber curve, and r,p is the rfidius of the stacking 
p<jint. Hero we take advantage of the fact that the arc length of the camber curve Ls netu-ly 
the same fus the chord (or crlose enough for an initial guess). Ecjuation ;1.4 is used to ccilculate 
the initial guess for m'^. 
Unlike in Figure .'J.O where we measure the sure length of the chord hne in the error func-tion. 
in tliis method we mecusure the arc length of the camber curve. The error function is then 
e = ^J<f^ —{s - Sianjrt)'^ (-J-li) 
where 5 is tiie arc length of the camber curve calculated at ecvch iteration and Stargrt is the arc 
length of the camber curve specified by constraint Bn-
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m -d curve 
stacking point 
Figure .'i.O Perccat camber and chord; length distortion 
3.3.3 Percent camber and exit 9 
There are times when the designer may want to control the 0-coordinate of the trailing 
edge of the camber curve (constraint Br,). This section describes how tiiis can be done and. at 
riie same time, constructing a camber curve tiiat intersects the stacking point at the specified 
{xTcentage arc length (constraint .4i). 
3.3.3.1 Initial guess 
Th<>re ;ire two independent variables in fliis method; mj and 0;. Figure shows that 
m'l is the m'-coordinate of the leading edge of the m'-d curve. Likewise. 6i is the ^-coordinaite 
of the leatling edge of the m'-d cur\-e. The trailing edge of the m'-d curve (Ot) is fixed by 
(•(jiLstraint B-,. 
Using the stagger angle ( 7 )  and the stacking point we can determine cf ,  from 
cf, = (3.12) 
sm-y 
where is the 0-coordinate of the stacking point. Neglecting length di.stortion and using 
c-oristraint .4] with Ecjuation .'^.12 we can determine c/, from 
(T, -r 
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chord line 
stacking point 
mi m.  
Figure iO Percenr camber and exir d:  initial suess. 
c, = A\C:., 
1 --4i 
Efiuarion .'{.4 is then used to calculate the guess for mj. In similar fasliion we can uTite the 
expression for 9i a.s 
= ^.sp — c'[ sin-. (-^-14) 
3.3.3.2 Error Function 
This inetiiod uses a N'elder-Mead Simplex to find tiie m'i-6i pair. A typical iteration will 
prtjduce H camber curv'e such as the one in Figure .'i.H. 
m -d  curve 
Figure .'i.ll Percent camber and exit Q\ typical itercvtion. 
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The camber curve stcirts at the point (m{. 0i) and entis at the Une d = dt. The point P is 
at riu' location on tiie Ccimber curve where 5i/(si ~ s-y) = -Ai. The error fimction is simply the 
rhree-dimensional distance between point P and the stcicking point. 
6 = \J {^ap ~ ^p)~ ~ i^sp ~ -p)" ~ (^.sp ~ 0p)' 
wliere r„p. c^p- ^nti d^p are the coordinates of the stjicking point, tmd Vp. Zp. and Op are the 
coorchnates of point P. 
3.3.3.3 Degenerate cases 
There are several situations where this method will fail. It is apparent from Figure .'i.ll that 
wiien "• = 0" or 7 = 180'. the leading and trailing edge will always have the same ^-coordinate. 
When that is the ctise there is no way to adjust such that the camber curve intersects the 
stacking point at the correct place. 
Additional degenerate cases are shown in Figure .•}.12a and Figure .•5.12b. The case shown 
in Figure .'i.ric is not necessarily degenerate. It nuiy be possible to find a .solution if the m'-d 
curve hfus the needed curvature to intersec-t the stacking point at the specified perc:entcige tire 
length. This would have to be determined on a Ccise by Ccise bcisis. 
Figure .•5.12c- is included to show that it is not always easy to determine whether or not 
a given set of constraints and geometry- will have a solution. A computer implementation of 
this algorithm could warn the user when a degenerate situation is most likely to occur, cind 
• sp 
e, 
m, 
e, 
• sp 
m, 
• sp 
e, 
m 
(a) degenerate (b) degenerate (c) degenerate'^ 
Figure ."5.12 Percent camber and exit 6: degenerate cases. 
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rheii proc-i'cd TD soiirch for the sohition an\-way. Excwdiiig the maximum mimbor of iterations 
\V(JUI(1 iiulicate no solution is possible. 
3.3.4 Percent chord and camber arc length 
This filial two-dimensional method is ver\' similar to the one in Section 3.3.2. However, the 
cliord line. iiLstead of rhe camber curve, intersects the stacking point at the specified percentage 
of irs arc length (constraint .4>). 
For rhe initial d guess we use Equation .3.10 again. Likewise. E<iUfition .3.4 is used to 
determine rhe guess for m\. As in Section .3..3.2. the difference between iurc length of the camber 
curve found at each iteration is compared to the desired camber cnirve arc length. Figure .3.1.3 
siiows how rhe ((uantity d is now the two-dimensional di.stance between the stacking point and 
rhe point (P) at the specified percentage of the chord hne. This metho<i's error fimction is 
rli'-ti 
e = y'd- — {S — Star'jrl)' (.3.1(5) 
where .s is rhe c-iirrent arc length tmd is the desired arc length (constraint 
m chord line 
chord line 
Figure 3.13 Percent chord stacking. 
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3.4 One-dimensional iterative methods 
There axe some combinations of constraints that are able to be solved using one-dimensional 
iterative methods. These methods have to find the scale (c/) or the offset (mj) for the m'-9 
curve. Because of the unique combination of constraints and the geometric relationships in­
volved. only a c'-value or mj-value is required to completely describe the solution (the r-z-B 
camber curve). 
3.4.1 Percent camber and solidity 
In this method a camber curve is found that intersects the stacking axis at the specified 
percentage of its arc length (constraint >li). The resulting camber curve will also have the 
desired solidity (constraint B^)-
3.4.1.1 Initizd guess 
By combining Equations 1.5 and 1.6 we can wTite solidity as 
cN (7=— (3.17) 
STiV 
From Equations 3.2 and 3.17 we can derive an expression for a based on d 
c'N (3.18) 
Solving Equation 3.18 for c' yields 
c'=^f (3.19) 
If we neglect length distortion, then we can say that = dAi. Similar to Section 3.3.1.2. the 
initial guess for m[ is then calculated using Equation 3.4. 
3.4.1.2 Error function 
A Newton-Raphson search is used to find the proper mj-vaiue. The error functions is 
simply e = d where d is the two-dimensional distance defined in Equation 3.6. Point P. used 
in Equation 3.6, is the same as in Figure 3.5 (the location on the camber curve at the percentage 
arc length specified by constraint .4i). 
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3.4.2 Percent camber and exit m' 
Sumerimc's the designer may want a cambcr ciu^-e that has a traiUng edge at a spec-ific m'-
value (constraint B.\). and still intersects the stacking point at a certain percentage of its total 
arc length (constraint .4i). This method is a one-diniensional search for the correct mj-vahie 
KC can be calculated directly). 
3.4.2.1 Initial guess 
If we russume that length distortion Ls negligible, then we can use simple trigonometry- ttj 
calculate rhe initial guess for m\. Figure .'5.14 shoN^-Ts a straight TTL-Q curve that passes tlirough 
the sra(-king point at the per(-entage arc length specified by constraint .4i. The niaximum 
m'-value of the m'-0 curve is m[. which is constraint B\. The m'-d curve is scaled such that 
c/, — d.. 
= .41 (;}.20) 
Frtjni siniilrU- triangles we can %\Tite 
— m, / = - 4 ,  ( . - { . 2 1 )  
Solving Efiuation .'1.21 for m'l we have 
, m' — A\m', 
m'l = ^ (.-{.22) 
i — .4i 
e m'-d 
curve 
stacking i 
point 1 
m, m. m 
Figure .'5.14 Percent camber and exit m': initial guess. 
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m curve 
Figure .'{.in Percent cfimbor and exit m': typical iteration. 
3.4.2.2 Error function 
For rhi.s method the Newton-Raplison search luis to find the mj-v-alue that will produce 
a suitable camber curve. Figure .'5.1.5 shows the gecjmetr\- in a typical iteration. Point P is 
the point on the camber curvc at the specified percentage arc length (constraint -Ai). The 
error function is just e — d where d is the distance shown in Figure .'{.lo. calculated with 
Equation .'{.(J. When the iterations stop. a. translation in the 0-direction will align the camber 
ciu-v(> such that point P is at the stacking point. 
3.4.2.3 Degenerate cases 
Certain ranges of the stcigg(,'r angle (-;•) create degenerate Ccvses where there is no solution 
f(jr m'l. Assuming that m^p < m'l (where is the m'-<-oordinate of the stacking point) then, 
when - Ls in the range 90"^ < "i < 270°. the trailing edge of the camber curve can never be 
(cf)nstraint B\}. 
Likewi.se. if > m[ then the orientation is reversed, and we are really constraining the 
inlet m'-coordinate rather tiian the exit m'-coordinate. In this configuration, a stagger angle 
in the range —90^^ < 7 < 90° is a degenerate case with no solution for 
If m[ = m',p. and the m'-6 curve does not have cmy inflexion points (like .some radial blades 
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do) then, unless constraint -4i is 0% or 100%, there is no possible way the camber cur\'e can 
intersect the stacking point at the specified percentage arc length. However, when the m'-O 
curve does have one or more inflexion points (points where the curvature changes sign) then 
it is possible, in some cases, to find an m{-value to meet the constrziints. 
No doubt, there are more degenerate cases than are discussed here. Unfortunately, it is 
not easy to the find them all. The geometry is sufficiently complex as to make tliis task ver>' 
difficult, if not impossible. However, with a reasonable shape for the m'-9 curve then most 
degenerate cases can be avoided. 
One way to handle degenerate cases in a computer implementation is to stop the Newton-
Raphson search if a maximum number of iterations is exceeded. If there is a solution for 
m'l then the Newton-Raphson search should converge in a reasonable number of time-steps. 
Therefore, if it is not converging, then the solution most likely does not exist. 
3.4.3 Percent chord and chord length 
The designer may want a camber curve that is positioned such that its chord line intersects 
the stacking point at a certain percentage arc length (constraint .42)- .\lso. the total chord 
line should be what the designer specifies (constraint B\). This section describes how two 
separate one-dimensional iterative procedures are used to create a camber curve that meets 
these constraints. 
3.4.3.1 Leading edge 
The first step is to construct a chord line in r-z-0 space that is long enough to accommodate 
the eventual Newton-Raphson search. In m'-d space, a Une is e.xtended one unit from the 
stacking point in the opposite direction of the stagger angle (i.e., - + 180°). Then the line is 
mapped to r-z-9 space. Figure 3.16 shows this chord line in m'-d space (curve E') and r-z-9 
space (curve E). 
The correct arc length for the leading side of the chord line is 
ci = cA2 (3.23) 
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stacking point 
Figurr .'J.Ki Pcrrent chord iind chord length; initial leading chord hne. 
wliere c is the target arc length specified b\- constraint B\. 
If curve E is too short (i.e.. total fire length of E is less that ci) then the length of curve E' 
Ls doubled, and it is mapped to r-z-9 space agmn to make curve E. This procedure is repccited 
until c-iirve E is long enough. 
The next step is to find the point on ciu^e E where the iirc length is c\ (point F). A 
Xfnvton-Raphson sefurch is u.sed where the error fimction is simply the difference between the 
rarget arc lengtli (cj) and the arc length at the ciirrent independent variable (ui). The initial 
gue.ss for the Newton-Raphson sefirch is 
"1 = (3.24) 
where is the total arc length of curve E. Figure .'{.Ki shows the resulting r-z-0 point 
( F ) .  which is the leading edge of the final camber cur-ve. Point F is mapped to m'-6 space 
(point F') for later u.se. 
3.4.3.2 Trailing edge 
Once the leading edge hcis been determined, a simiUu: procedure can b(» used to find the 
trailing erlge (Figiire ."i.lT). However, the initial chord line is constructed in the opposite 
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e 
stacking point 
/ 
m 
A 
Figure ."{.IT Percent chord and chord length: initicil traihng chord hnc. 
tlirectioii. Curve G' is constructed by extending a straight hne in the direc-tion of the stagger 
angle. Curve G' is then mapp<'d to r-z-0 space to create curve G. 
.\.s before, c-iirvc- G rnii.st be sized so that its tire length is greater than the target tire length 
.A. Xeutoii-Raplison .sccirch is used to determine point H. which is located on c-iirve G at an 
arc length of c-y- The initial guess for the Xewton-Riiplison search is 
where is now the total arc length of curve G. Point H is the trailing edge of the camber 
c urve, and is mapped to m'-d space (point H'). 
3.4.3.3 Final camber 
At this point the lefiding and trailing edge of the camber curve hcive been detcnnincd and 
mapped to m'-6 space (point F' in Figure .'{.IG and point H' in Figure .'J. 17. respectively). The 
m'-6 curve is .scaled cUid translated such that it starts at point F' and ends at point H'. Mapping 
this m'-6 c:urve to r-z-6 space results in the final camber curve, as shown in Figure 18. It 
intersects the stacking point at a percentage of its chord Icngtli equal to constraint .42- and 
has a total chord length equal to constraint B\. 
C2 = c( 1 — .4.2) 
"2 = (;j.2()) 
^tntal 
Figure 3.18 Percent chord and chord length: final camber. 
3.4.4 Percent chord and solidity 
This method uses a one-dimensional N'ewton-RiiplLson sefirch to find the camber curve. 
The final camber curve will intersect the stacking point at tlie specified percentcige of its 
arc length (coiLstraint A-j). It will also have the correct solidity as defined in Equation ."J. 18 
( c o n s t r a i n t  B y ) -
3.4.4.1 Initial guess 
The initial guess is determined in the same way cis in Section .•}.4.1.1 Using Eciuation .'{.19 
we can calculate d from the solidity input. We can neglect length distortion ami calculate 
c', = (/A) (Figure 3.2). The initial guess for is then calculated using Equation .•}.4. 
3.4.4.2 Error function 
Figure .'{.l.'i shows how and d relate to the mapped r-z-6 chord hne. Since c' is fixed, 
a N'ewron-Raphson .search is used to find mj. The error is just e — d. where d is the two-
dimensional distance between the point on the chord line at the correct percentage jvrc length, 
and the stacking point (Equation .'J.G). When the distcince d is less than the tolercince then 
the iterations stop. The final camber curve is translated in the ^-direction so that point P is 
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coiiu-ideiit with the stacking point. 
3.4.5 Percent chord and exit m' 
This rufthoci is vcn- similar to the one described in Section The leading edge of the 
camber curve is determined the same way. However, the traihng edge is calculated first using 
simple rrigonometr^^ 
3.4.5.1 Trailing edge 
The trailing edge of the m'-d curve (point H') is foimil by extending a straight hne from 
rhe stacking point in the direction of the stagger angle until it intersects the vertical hnc at 
m' = m[ (Figure .'{.19). This line (curve G'} is mapped to r-z-0 sptice (curve G) and its arc 
length is metisured (c>). 
m, 
Figtire .'J.in Percent chord and exit m': chord line. 
3.4.5.2 Leading edge 
W'e know from constraint .42 that co is a percentage of the total chord length. Therefore, 
rhe fu-f length of the leading portion of the chord hne (curve E) must be 
c> .42 c, = ^  
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Similar to the procedure in. Section 3.4.3.1. curve E is constructed long enough that ctotai > 
ci. where Ctotai is the total arc length of curve E. A. Newton-Raphson search is used to 
determine the point (F) where the arc length is cj. The initial guess for the Newton-Raphson 
search (ui) is found using Equation 3.24. Point F is then mapped to m'-O space (point F'). 
3.4.5.3 Final camber 
Once the leading and trailing points are kno'WTi we can scale and translate the normalized 
m'-d curve so that it starts at point F' and ends at point H'. Mapping this Tn'-$ cur%'e to r-=-d 
space will produce a camber curve that meets the constraints. 
3.4.5.4 Degenerate cases 
When 7 = 90° or 7 = 270°, there are an infinite number of intersections between the chord 
line (C) in m'-9 space and the m' = mj vertical line. Therefore, in these two cases using an 
exit m'-value as a constraint will not work. 
3.4.6 Percent chord and exit 9 
The only difference between this method and Section 3.4.5 is in the initial determination 
of point H'. Figure 3.20 shows how a horizontal line oi 9 = Gi is used to determine point H'. 
Because a horizontal line is being used as the boundary', the degenerate cases are when 7 = 0° 
and 7 = 180°. 
3.4.7 Inlet m'-G and chord length 
This method will construct a camber curve that has its leading edge at a specified m.'-9 
point (constraint .43) and have the desired chord length (constraint Bi). \ one-dimensional 
iterative procedure is used to find a chord line that starts at the inlet m'-G point and extends 
the necessary length d such that, when mapped to r-z-6 space, it has the correct arc length. 
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H' 
G' 
F' 
m' 
Figure 3.20 Percent chord and exit 6: chord Une. 
3-4.7.1 Initial guess 
Iiurially. a .straight line is defined in the direction of the stagger angle starting at (mj.0;). 
The length of tliis chord hne is </. which is approximated using Eciuation 3.2. The radiiLs (r) 
in Eciuation 3.2 can be the radius of the stacking point or the radius at the given point 
Figure 3.21 shows how the chord line is constructed. 
chord line 
Figure 3.21 Inlet m'-d and c:hord. 
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3.4.7.2 Error function 
.A. NowtDii-RapIisoa search is used to detcrmiuc the c'-valiie. The m'-9 chord hne. when 
scale(i by the final c'-value. will result in an r-:-0 chord hue with an jirc length et^ual to 
coiLsrrainr Bi. The error functions for the N'ewton-Rciphson setirch tcikes the independent 
\;iriable d tuid constructs a chord line of length d starting at {m'l.Oi). Then it maps the chord 
line rtj r-:-0 space and mociiiures the cU-c length. The error value is simply 
where c is the iiieiusured arc length of the r-z-d chord line and Ctarget is the arc length spetrifiecl 
by ccjiLstraint B\. 
3.4.8 Inlet m'-d and camber arc length 
This rnethotl is nearh' identical to Section .3.4.7. The difference is in the curve that wc 
measure for the arc length during the iteratioiLs. Here, we find a c'-\"alue that resiilts in a 
camber c-iu-ve that has the correct arc length (constrciint B-^). Figure .3.22 shows how the 
caiiiljer curve is constructed with the scale of d. initially fomid fj-oni Eciuation .3.10. 
^ ^ ^target (3.28) 
m curve 
Figure .3.22 Inlet m'-6 and camber circ length. 
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The error function for the Newton-Raphson search is 
e = S -  Starget (3.29) 
where s is the arc length of the camber curve measured at each iteration and Starget is the 
target arc length specified by constraint B3. 
3.5 Direct methods 
The last group of methods require no iterations whatsoever. The constraints are such that 
the offset (m'l) and scale (c') of the m'-d curve can be solved in closed form. For the ob\'ious 
reason, these methods execute ver>" fast in a computer implementation. 
3.5.1 Inlet m'-6 and solidity 
If the inlet m'-d point (constraint .43) and the solidity (constraint Bo) are specified then the 
camber curve can be found directly (i.e. without any iterations). With m'[ and 9i as knowns. 
all that is left to do is determine the d (Figure 3.22). which is calculated using Equation 3.19. 
3.5.2 Inlet m'-Q and exit m' 
.Another time when the camber curve can be found directly is when the inlet m'-Q point 
(constraint ^3) and the exit m'-coordinate (constraint B\) are given. Figure 3.23 shows how 
the m'-Q curve is constructed. 
Using trigonometry we can write the relationship 
Solving for d vields 
m'l — m'l = c'cos7 (3.30) 
, m', — m', d = —? i 3.31) 
cos 7 
By inspection of Figure 3.23 we czm see that this method will work when —90° < 7  < 90° and 
771J > mj, or when 90° < 7 < 270° and mj < m{. 
57 
m -6 curve 
^Tfw; 
Figure '.i.2'.i Inlet m'-d and exit m 
3.5.3 Inlet m'-d and exit 0 
The final method for creating a camber ciirve is also a direct method. This method Ls similar 
r(j the IfUSt one (Section .•}.5.2). however, the (/-Vcilue is found from the traiUng ^-coordinate 
(< oiisrraiut B-). Referring to Figure :i.24 wc can ^\Tite the relationsliip 
dt — 6i = c'sin- (:{.;i2) 
Solving f(jr d yields 
c' = ^ 
Sin -• 
W'e can see from Figure .'5.24 that this method is vahd when 0' < -; < 180~ juid dt > 6i. or 
wlien < ': < .'{GO" and dt < Oi-
r)8 
m curve 
Figure- .•}.24 Iiilct m'-O and exit 6. 
59 
CHAPTER 4. SECTION PROFILE CURVE 
Traditionally, section profile curves have been constructed in a planar space and then 
mapped to r-z-9 space. The resulting section curves were usually positioned (stacked) on 
planes, cylinders, or cones (Figure 1.2). The reason for this is because it is ver\- easy to map 
from a planar space to either another plane or to a cyhnder. Mapping to a cone is a little 
more involved but still solvable in closed form [18.19]. Only very recently was a practical 
methodology' developed for mapping section profile curves to general surfaces-of-revolution 
[.56]. 
What is the advantage of putting a section profile curve on a surface of revolution? In most 
cases a surface of revolution is a better approximation of the fluid fiow. The performance of 
turbomachiner\- is a function of the fluid flow through the machine. A t\-pe of analysis known 
as streamline curvature can determine the necessary flow path geometries that will yield a 
•Specified performance [23]. A section profile curve can be optimized for operation in a single 
flow path. By putting the section curve on a surface of revolution that approximates the flow 
path, we put the curve in the domain in which it was designed for. 
Unfortunately, when mapping from a planar space to a surface of revolution, length distor­
tion can be significant (especiallj' in radial and centrifugal blades), and the resulting section 
curve undesirable. An experienced designer can adjust for length distortion in the planar sec­
tion curve. However, a method that eliminated length distortion would be better, especialh' 
for the inexperienced designer. This chapter introduces a new methodology for constructing a 
section profile curve directly on a surface of revolution. No planar section curve is used in the 
process. 
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4.1 Two-dimensional mettiods 
Several tiirboiuachinery books describe how to coiistnict a plaiuir sertiori curve from a 
planar camber curve and a thickness function ! 1.42.Traversing ak)ng tlie camber cur\-e. 
an cjtfset is defined along tx vector that Ls either normal to the curve (normtU tliickness). or 
vertical (tcingential thickness). Figure 4.1 shows construction of a section curve using a normal 
thickness. 
upper section 
thickness function 
y X m'-d curve 
lower section 
m 
Figure 4.1 2D section construction: upper i.: lower curves. 
At an arc I(>ngth 5 on the camber curve, the offset point ( P )  is a distance t  along the 
vecttjr normal to the m'-9 ciirw. The distance t is found from the thickness function evaluated 
ar .s. With enough offset points (P) a ciu've i.s defined, the upper section. By repeating 
rliis procedin^e with the normal vectors in the opposite direc-tion. the lower section curve is 
coii-structeil. 
Figure 4.2 shows the next, step in the constrtiction. An ellipse is fit on the letuiing edge, 
starting at point .4 and ending at point B. The ellipse is tangent to the lower section ciu've 
at point A. and normal to the m'-O cvirve at point B. The lower section c»uve is trimmed at 
point A. There is C continuity at point A because the eUipse and the lower section curve arc 
tangent there i(i8j. 
Three more ellipses are created in a similar fashion to complete the section. An optional 
final step coidtl join the six curves into one ciu^'c. The section ciu-ve is now ready to be 
()1 
upper section 
X lower section 
m curve 
ellipse 
untrimmed 
Figure 4.2 2D scctioa construction: elliptical ends. 
mapped to r-z-d space. Problems arise when the .section curve Ls mapped to a general surface 
of revolution. 
Recall from Section 2.2.1 that in order to accurately map a B-spline curve in m'-0 space to 
r-z-d spac e there has to be a sufficient luunber of control points. The end ellipses are NURBS 
conics. which cU"e ciuadratic curves with three control points. Knot insertion can increase 
rhe number of control points but the clliptical curves are still rational. Since the coordinate 
mapping {)rocess only works on non-rational B-spline curves, we could approximate the ellipses 
with B-Spline curves, which would enable us to map the .section curve. However, there is still 
rhe problem of length distortion. 
An alrernative method for applying ends to the upper cind lower curves is to intersect tliem 
with vertical lines. Figure 4.;} shows a section created with cut-off ends. Witli cut-off ends, 
the resulting c-urve is non-rational. Knot insertion at both the leading and trailing cut-offs can 
bring rhe control point count to a suitable number for an accurate mapping to r-z-6 space. 
However, length distortion can still be a problem. 
4.2 Three-dimensional methods 
This section introduces a methodology- for constructing a section profile cvirvx' dircctly 
within the domain of a flow surface. Becau.sc the secticjn is made in r-z-0 space, there is no 
mapping involved. Hence, length distortion is not a factor. 
The first step is to tessellate the upper tliickncss fimction. A sufficient number of points is 
upper section 
cut-off line 
lower section 
m curve 
Fisiirc 4.;} 2D section construction: cut-off ends. 
retiuirtvl. ('specially in the regions of high curvature. The preferred method of tessellation uses 
a chord height tolerance with a niciximmn parametric interval (Section 2.1.1). Figure 4.4 shows 
the result of tessellating a t\'pical thickness fimction. Each .s,-vciiue represents a percentage 
arc lerigtli on the camber curve. 
s, 
Figure 4.4 Tessellated thickness function. 
The parametric values (u,) on the camber curve that correspond to each 5, are found using 
a Newton-Riiplison sefirch. simihir to the one described in Section ."J.-'J-L."}. Figiire 4.-5 shows 
the camber cur\''e with the points at each u,. At this point there cire two ways we can apply 
the rliickness from the camber curve: in the normal direction, or in the tangential direction. 
4.3 Normal thickness 
For normal tliickness. the point and derivative is evaluated on the m'-O curve at each u,-
coordinate. At each resulting point, a guide line is extended along the normal (Figure 4.6). 
Figure 4.o Points at u, on camber curve 
m' 
Figure 4.(i Normal thickness guide lines in m'-6 space. 
This line is actually a cubic B-spline curve with am-Tivhere from 2") to 1(X) control points. 
The guide lines in Figure 4.(5 are then mapped to r-z-0 sp<ure. The resulting cur\-es cire 
normal to the camber curve and reside in the flow surface. Each guide cur%'e in r-z-O space 
represents a path tlirough the flow surface at a constant angle with the fluid flow. Figure 4.7 
shows the guid(> curves in r-z-6 space. 
Once the guide curves are mapped to r-z-d sptice they can be used to determine the points 
that will define the upper and low-er section curves. For each guide curve on the upper side, 
a point is found at an arc length that corresponds to the upper tiiickn<>ss. These points {Pi) 
are then interpolated to form the upper section cur\-e (Appendix A.IO). The same procedure 
is used to make the lower section cur\'e. using the lower thickness fimction. Figure 4.8 shows 
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Figuro 4.7 NorruiU curves in r-z-6 space 
Figure 4.S Points on guide curves where arc- length equals thickness. 
the jjoints (P,) found on the guide curves at a thickness t , .  Ako shown are tlie resulting upper 
ariti lower .section curves. 
The final step is to join the upper and lower section curve into a single B-spline curve 
(Appendix A.H). The result is a curve stfu^ing and ending at the leading edge of the camber 
curve, with G' continuity whore it was joined !(j8;. Figure 4.9 shows the final .section profile 
curve. 
aaclion piofii* curw 
Fisiiro 4.9 Final .srctioii profile ciirv-e (normal thickness). 
4.4 Tangential thickness 
If we want a tangential thickness then the curves createcl in m'-d space cu-e no longer 
normal ro the m'-6 curve, they fu-e vertical. The resulting r-z-d guide curves are tangent to 
the circumferential direction of tiie flow surface. Figure 4.10 shows how the guide lines are 
coiLstructed in m'-d space for tangential thickness. 
m' 
Figm-e 4.10 Tangential thic-knos.s guide hnes in m'-d space. 
The rest of the proceflure is identiciU to the previous cme. The m'-d guide lines are mapped 
to r-z-6 space. Points urc then found on each resulting guide cur\'e at an arc length that et^uals 
the thickness. These points are interpolated to form the uf)per and lower .section curves, which 
are then joined into a single section profile curve. Figure 4.11 shows the guide curves in r-z-d 
()6 
Figure 4.11 Guide curves and final .secrion fur\'e (rangenrial rliickuess). 
space, rlie camber curve, tirid the sec-tion profik' curve. 
4.5 Cut-off ends 
We couki u.se a thic-kness function tliat does not start, and eiul witli a zero-thickness (Fig­
ure 4.1). Tiiis wouki require a cut-off method of construc-tiori. When coiLstructing the upper 
and knvcr sec-fion curves in r-z-6 space, the first and last guide curves are simply trinuued 
r(j join the upper and lower secrtion curves. Tlie resulting section curve has four "corners." 
Figure 4.12 sliows a section ciu^-e constructed this way using a tangential thic-kness. Of course, 
the same logic could be apphed using a normal tliickness. 
tangential 
guide cun/es 
corner" 
cut-off ends 
Figure 4.12 Cut-off ends with tangential tliickness. 
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4.6 Thickness at percent chord 
Thus far in the discussion of section construction, the horizontal coordinate of the thickness 
function has been interpreted as the percentage arc length of the camber curve. However, 
traditionally the horizontal coordinate of the thickness function has been the percentage of 
chord [1. 29.42.55]. Because the section construction presented here takes place in r-z-O space, 
directly on the flow surface, it is somewhat more difficult to apply the thickness at the proper 
percentage of the chord length. To take advantage of the work already discussed, this method 
will simply determine the points on the camber curve that correspond to the proper percentage 
chord values. In that sense, this method is simply a preprocessor for the method discussed in 
Section 4.2. 
The first step is to tessellate the thickness function in a similar fashion as before. Now. the 
first coordinates of the tessellated points (si) are interpreted as the percentage chord (which 
is the percentage arc length on the r-z-0 chord line). Unlike in Section 4.2 where we used the 
camber curve, points on the chord line are found where the arc lengths are s,. The resulting 
points are located at parametric values Ui. These points look similar to the ones shown in 
Figure 4.5. but instead of the points being on the camber curve, they are on the chord line. 
.Next. lines normal to the m'-0 chord Une are constructed at the parametric values u, (this 
step assumes that the m'-d and r-z-0 chord line are parameterized the same). If the m'-d 
curve only intersects the chord line at the end points then the normal lines only have to be 
constructed in the direction that the m'-d curve resides (i.e.. either above or below the chord 
line). 
These normal lines are mapped to r-z-9 space, where they will intersect the camber curve 
at parametric values Uj. The intersection points are treated as if they were the points at u, 
in Figure 4.5. The remainder of the section construction happens the same way as before, 
using the parameters Ui in the same way on the m'-0 curve, with either a normal or tangential 
thickness. 
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4.7 Alternative thickness definitions 
Two alternative interpretations of "thickness" are: the straight line distance from the base 
of the guide curve to the point P,, or a parametric distance along the guide curve to point P,. 
Figure 4.13 illustrates the different interpretations of thickness. 
arc length straight distance parametric distance 
Figure 4.13 Various thickness definitions. 
Using a straight line distance when the thickness is small will not make a substantial 
difference in the shape of the section curve. However, when the thickness is large with respect 
to the local radius of the flow surface, the resulting section curve will be significantly "thinner" 
than if an arc length along the guide curves were used. Likewise, when the thickness is small, 
using as a parametric distance along the guide curve will result in a section curve similar to 
one created using arc length thickness. This is especially true if the guide curves were created 
with a parameterization that closely follows the arc length (i.e., centripetal parameterization). 
However, for large thicknesses, the designer should be aware that using as a psirametric 
distance could be noticeably different than using as an arc length. 
It takes less time to find the straight line distance than the arc length. Calculating the 
arc length requires integration in the error function, the straight line distance requires the 
evaluation of a simple formula. However, the parametric distance is the fastest of the three, 
there is no iterative search required. 
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CHAPTER 5. BLADE SURFACE 
The previous two chapters described how to create the the camber curve and section profile 
curve. This chapter shows how two or more section curves on concentric flow^ surfaces are used 
to create a blade surface. In a similar fashion, the camber curves C£m be used to create a camber 
surface. A standard NURBS surface construction technique known as lofting (or skinning) is 
used to create the blade surface and camber surface (Appendix A.7). 
5.1 Parauneterization 
In order to loft the section curves into a blade surface each individual curve has to be 
assigned a parameter value. In addition, each section curve must have the same knot vector. 
5.1.1 Span-wise parameters 
One wa\- to create the span-wise parameters is by using the leading edge of each section 
curve and (as if they were data points to be interpolated) either centripetal fit or chordal fit 
the points. Alternatively, the stacking point, or an average coordinate on the section curve 
could be used instead of the leading edge. 
5.1.2 Section knot vector 
There are two ways to make all the section curves have the same knot vector: bj* averaging 
the knots, or by merging the knots. To average the knots in the section curves, they must 
first all have the same number of knots. This can be accomplished by knot insertion or 
by a process of re-interpolating points evaluated on the section curve (which may introduce 
some inaccuracy, depending on the number of data points used). Once the section curves 
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all have the same number of knots then each corresponding knot can be averaged, resulting 
in a characteristic knot vector. Unfortunately, averaging the knots ma\' severely alter the 
parameterization of each individual section curve, and ultimatel}', the blade surface. 
A better way to obtain a section knot vector is to merge the knots from the individual 
section curves. This process simply inserts knots into a knot vector until it contains every knot 
from all the individual section curve knot vectors. The resulting knot vector does not distort 
the parameterization of any of the section curves, nor will it distort the parameterization of the 
blade surface. Unfortunately, depending on how different the individual section knot vectors 
are, the resulting merged knot vector may contain a large number of knots, quite possibly the 
sum total of all the interior knots from the individual section knot vectors. 
5.2 Lofting 
Once the span-wise parameters have been created and the section curves all have the same 
knot vector, the section curves can be lofted into a single B-spline surface. The details of 
lofting a set of NURBS curves into a surface are discussed in Appendix A.7. This section will 
focus on the results obtained with different parameterization and knot vector schemes. 
5.2.1 Blade 
Figure 5.1a shows the results of merging the knots of six section curves and then lofting 
these curves. Figure 5.1b shows the blade surface that results from lofting the same six section 
curves after averaging the knots. 
Both blade surfaces are drawn in wireframe with a 30 x 30 grid of points at even parametric 
steps. It is clear from Figure 5.1 that averaging the knots can cause severe alterations in the 
parameterization. 
Merging the knots is not all good, however, the resulting blade surface can require a lot 
of computer memory. The blade with merged knots in Figure 5.1 has a control point grid of 
8 X 1161. and the blade with averaged knots has a control point grid of 8 x 199. However, knot 
reduction can be used to lower the number of knots and control points. Care must be used 
(a) iiicrgocl knots 
Fij^iirc 0.1 Blade surface: 
(b) averaged knots 
niergeKl k averaged knots. 
when removing knots becranse the surface definition will change. 
Ill addition to changing the way we create the section knot vectors to change the bUide 
shape, we can alter the span-wise piurameterization. In Figure •'j.2a is a blade const,ructed 
by centripetal fitting the stacking points. Figure r).2b shows the same bkicle constructed by 
chorda! tit ring the stacking points. 
(a) centripetal (b) chordal 
Figure 5.2 Blade surffice: centripetal &: chordal parameterization. 
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N'oricc how the bicide in Figure o.2a has sUghrly less crnrvatiire rhtUi rhe blade iu Figure 5.2b. 
Dec aiuse we liave three section curves close together netir the bottom of the bhuie. a centripetal 
parameterization produced a better surfiK-e than a c hordal parameterization. This behavior is 
charaeterisric of centripetal parameterizcition. it creates a "tighter" fit. 
5.2.2 Camber surface 
Similar to the construction of the blade surface, the camber surface is lofted from the camber 
curves. Figure •").;} shows a typical csmiber surface imtl the camber curves. If till the section 
curves cU^e symmetrical about their respective camber curves (i.e.. their corresponding upper 
and lower thickness fimctions were identical), then tiie Ccmiber surface is a good approximation 
of the mean camber surface. 
The mean camber surface is the surface that, at any given point, is half way between the 
upper and lower side of blade surface. The true mean camber surface would have to be found 
(lir(>cth- from the blade surface. There is no way to guarantee a true mean c-amber siurface 
simply by lofting the camber curves. 
Figure -o..'} Camber surface. 
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5.3 Capping surfaces 
T\v(j lUftliocLs for capping the biacle surfcux' are presented here. The first inetiiod is to ii.se 
a rriiarued surface. The hub (inner-tnost) and sliroud (outer-most) How siu-faces cire tririmied 
with rheir respe<-tivc section c-iu-ves. The fined three surfaces (blade surface and two cap 
s\irfaces) can be represented as a B-rep solid model J20.44. 45. Tl . The trinuning edges would 
be rlie hub arul slu-oud section curves, and the seam in tlie blade surface at the leading edge. 
In rlie sec-ond metliod we loft the upper and lower section curves to create a cap sur­
face. Sinc-e there tu-e only two curves lofted, the surface will be linccu: in the blend-direction. 
Figure 5.4 shows the surfcice cap tlmt results from lofting these two curves. 
Figure r).4 Capping surface. 
The camber curve can be includetl along with the upper and lower section curve when lofting 
the cap surfaces. Unfortunately, becau.se the three curves come together in a single point (at 
Ijoth ends), there is no stable way to assign a blend-tlirection parameter to the Cciniber ciu^-e. 
-•Vll too cjften the resulting cap surface will curl over on itself, and genercilly behave in bad ways 
near the leciding and trailing edg<>s. However, if the section profile cur\-es are symmetrical, then 
the r-amber curve can be lofted along with the upper and lower section curves with recisonably 
good n'sults. In this Cci^ie the section curves would be iissigned parameter values of 0 and 1. 
and the camber curve would be as.signed a parameter value of .7. 
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CHAPTER 6. CONCLUSIONS 
This thesis introduces several new algorithms for blade geometrj' description. Specifically, 
methods for constructing blade section profile curves on general surfaces-of-revolution are dis­
cussed. The foundation of the methodology is the mapping process, which is described in detail 
in Chapter 2. The entire process of creating and using a coordinate map between m'-O space 
and r-~-9 space is shown in detail. Many improvements over previous coordinate mapping 
methodologies are described [30.56.6.5]. Chapter 3 discussed fifteen different ways to create 
a camber curve in r-z-6 space. Chapter 4 shows how the camber curve and the upper and 
lower thickness functions are used to construct the section profile curve. The section curves 
are built directly in r-z-9 space within the flow surface, eliminating the problem of length dis­
tortion inherent to two-dimensional section curve construction. Finally. Chapter 5 describes 
the different ways a blade surface can be constructed from two or more section curves. 
6.1 Target market 
Eliminating length distortion in the section construction process may not be that valuable 
to the majority of blade designers at the time of this wTiting. Years of designing blades with 
the understanding of length distortion has undoubtedly created a culture of engineers that deal 
with the problem as second nature. It is the young engineer who will benefit the most. If these 
algorithms are the numerical "engine" for an interactive CAD program, the young designer 
can get what he or she wants more easily, without having to make a mental adjustment to 
accommodate for the length distortion. 
The numerous methods for constructing a camber and section curve offer a robust toolkit, 
providing the designer with many more options. Likewise, because they are fast, and the level 
75 
of accuracy is user-defined, these algorithms are also suitable for use in a batch program, one 
that may look for several solutions over a period of time. 
6.2 Extendable framework 
In this thesis the two-dimensional space used is m'-0. Some designers may wish to work 
with m.-6 or m-rd. Equation 2.1 already includes the m-coordinate. Mapping from m-9 to 
r-:-9 space would follow the same steps as mapping from m'-d to r-z-6 space. In addition, the 
coordinate map is easily e.xtended to accommodate additional dimensions. It is just a matter 
of appending another dependent variable to the B-Sphne curve. 
6,3 Future work 
While this work is extensive, it is b\- no means a collection of all possible blade design 
methodologies. In recognition of this, the following sub-sections discuss several areas where 
additional, related work can be done. 
6.3.1 Throat dist£uice 
The short, thick blades at the rear end of a jet engine are called turbine vanes. Designers 
of turbine vanes like to work with the throat distance, which is a measure of the passage size 
between adjacent blades in a row [16.46.47.49.81]. The throat distance could be a constraint 
in a method that looks for a camber curve given the thickness distribution, or vise-versa, 
looking for the appropriate thickness distributions given a camber curve. 
6.3.2 Curvature 
It has been shown that changes in curvature [2. 6. 48] and the slope of the curvature [16. 49-
51] in the section profile curves can significantly influence the performance of the blade. Cur­
vature discontinuities occur where two curves are joined to make one curve. This occurs during 
section construction when the upper and lower section curves are joined to make the section 
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profile curve (Section 4.2). The resulting section profile curve is continuous (continuous 
slope) [68]. An alternative joining method could be used to increase the continuity. 
6.3.3 Center of area stacking 
Given the way section construction is presented in Chapter 4. the problem of stacking a 
section cun.'e at its center of area is difficult. Traditionally, the section curve was made in 
a two-dimensional space, where the center of area is easily calculated. If we neglect length 
distortion, the center of area of the corresponding r-z-d section curve is found by mapping 
the two-dimensional center of area (the coordinates) to r-z-9 space. But we know from the 
discussion in Section 1.4.2 that length distortion can be significant. 
The only feasible way to create a section curve that is stacked at its center of area, is 
with an iterative method. The method could be a combination of the algorithms discussed in 
Chapter 3. and the section construction techniques described in Chapter 4. At each iteration, 
the section curve would be constructed and its center of area calculated. The camber curve 
could then be adjusted based on the distance between the true center of area and the stacking 
point, and whatever the additional constraint is. 
The section curve can be thought of as a trimming curve on the flow surface. We need 
to find the center of area for the portion of the flow surface inside the section curve. Finding 
this center of area is a computationally e.xpensive task, typically involving triangulation and 
a summation of each individual triangle's center of area. For these reasons, stacking a section 
curve at its center of area will be much slower than any of the methods outlined in this work. 
6.3.4 Reverse engineering 
Many existing blade designs are a good starting place for new designs. Unfortunately, 
legacy blade designs are often just the surface definition, and this is usually a set of data 
points. Reverse engineering is the process of dissecting the blade surface into a data structure 
of camber curves, section curves, and flow curves. The section curves can be obtained by 
intersecting the blade surfau^e with concentric surfaces-of-revolution. 
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For each section curve, the camber curve and thickness curves must be determined. An 
algorithm such as this would facilitate importing legacy blade designs into modern turbo-
raachinerj' C.\D programs [3,12,13,58]. Also, a CAD program could use this to implement 
interactive manipulation of the section curves in r-z-6 space, and update the definition of the 
camber curve and thickness functions. 
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APPENDIX. NURBS 
NURBS provide a unified, robust way of representing geometrv'. A NURBS curve maps 
a single independent parameter u to any number of dependent variables (t^TJically x. y. and 
More generally. NURBS can be used to encapsulate a complex numerical mapping from 
one domain to another. The following is a brief introduction to the basic mathematical model 
behind NURBS. In addition, the NURBS curve and surface construction techniques used in 
this work are discussed. For a more complete presentation see references [4.17.21. 27, 67.68]. 
A.l B-spIine curve 
B-spline cur\'es are a subset of the NURBS family. A B-spline curve of degree p is defined 
by the equation 
C(a) = f^A;.p(u)P. (A.l) 
1=0 
where P, are the control points and Ni p{u) are the basis functions [68]. The control points 
form a control polygon that completely encloses the curve. The curve can have any number of 
dependent variables because the control points can be any dimension. 
The parametric range is defined by the knot vector 
U = {a,... .a,xjLp+i, Um-p-1.6 b} (A.2) 
p+l p-rl  
The p + 1 repeated end knots makes this knot vector nonperiodic. The interior knots {itp4-i, 
..., Um-p-i} are nonuniform (i.e., they do not have to be evenly spaced). However, each knot 
has to be greater than or equal to the previous knot. The first and last points on the curve 
are at the parametric values a and b, respectively. The knot vector determines which control 
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control point control polygon 
B-spline curve Interior knot 
Figiire A.l B-spline curve. 
points are used when evaluating a curve point at a given parameter u. Figure A.l shows a 
B-spline curve with its control points and knots. 
A.2 B-spline surface 
A B-spline surface is represented by 
S(u. r) = E E 
.=0 i=o 
{A.3) 
where P,_j are the control points arranged in a regular grid to form a control point net. The pth-
and qth-degree basis functions in the u- and f-directions are Ni,p{u) and iVj.q(r). respectively. 
A B-spline surface has two knot vectors, one for each parametric direction u and v 
(A.4) 
U = {Q, • • •. g. Up.^1 Um-p-i.b.. . 6} 
p-r 1 p-^ 1 
V = {c. . • • . C. VQ^L VS-Q-L .d d} 
<7-!-l q-rl 
To evaluate a point on a B-spline surface, we solve Equation A.3 for a pair of parametric values 
u € [a.b] and v G [c.d\. 
A.3 NURBS curve 
By introducing weights at each control point we have the equation for a pth-degree NURBS 
curve 
53 
C(u) = 
:=0 
(A.5) 
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Each weight (u.-,) changes the influence that its respective control point has on the cur\'e shape. 
If w. > 1.0 then P, will have a greater "pull" on the curve (i.e., the curve will pass closer to 
Pj). Likewise, if Wi < 1.0 then P^ will have less of an influence on the curve. The word 
•Rational" in "Non-Uniform Rational B-Splines" stems from the quotient in Equation A.5. 
The knot vector is the same as for a B-spline curve (Equation A.2). 
A.4 Conies 
using the specific weights in a rational quadratic B-spline curve we can construct a 
conic section. A conic section always has a knot vector of U = {0,0.0. 1. 1.1}. With this knot 
vector Equation A.5 reduces to 
(1 - u)^u,-oPo -h 2u{l - u)u.-iPi -h u-woP2 , 
( 1  —  U)-IVQ •+• 2u{\ — U)WI -h VRWO 
where PQ. PI. and Po are the control points and WQ , wi. and W2 are the weights. The category 
of tiie conic is determined bv 
O 1! ~ CSF = a;i 
WQLVL 
< ] — ellipse 
= 1 — parabola (-•^•~) 
>1 —• hyperbola 
where CSF is the conic shape factor [67]. 
A.5 NURBS surface 
If we assign weights to each control point in a B-spline surface we get a NURBS surface. 
The equation for a NUFIBS surface is: 
n m 
^  ^  ^ z . p i ^ ) ^ i , j  
S(^. V) = (A.8) 
1=0J=0 
Similar to a NURBS curve, each weight will determine the amount of influence its control point 
has on the surface shape. The knot vectors for a NURBS surface, like a B-spIine surface, are 
defined by Equation A.4. 
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A.6 Surface-of-revolution 
A .surface of revolution is a standard N'URBS siirfcice construction technique. In this tech-
nifiuc. a two-dimensional generator ruiTe is rotated about an arbitran,' cixis. For a generator 
c urve with n — 1 c-ontrol points, the resulting surface of revokition has n — 1 control points 
ill the f/-dirfc-tiou. cUid 9 control points in the f-tlirec-tion. In order to have a circ-ular shape. 
/Ty /rj /Ty ^ 
the ((jiitrol points in the f-direction have the weights {1. 1. 1. 1- V - !}• Figure A.2 
slunvs a surface of revolution and its control point polygon. 
Figure A.2 Surfacc-of-revolution with control point polygon. 
A. 7 Lofting 
Another standard NURBS surface construction techniciue is kno\v7i as lofting (or skiiuiing) 
(JT. OSi. The proce.ss of lofting creates a NURBS surface that interpolates a s<>t of NURBS 
curves. Figure A-.'ia shows four NURBS curves and their control points. Each curve in Fig­
ure A.'.ia must have the same knot vector. In addition, eiich ciu^e is iissigried a parametric value 
(L- ) bfused on some heuristic method (most hkely an civeraging of the control point spacing). 
The control points in Figure A..'}a arc then interpolated in the {.--direction by four ciu-vcs. 
which are shown in Figure A.3b. The resulting control points in Figure A.3b are actually the 
control points for a NURBS surface that interpolates the original four curves. This surface is 
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(H ) original ciirws (b) intcrpolnrccl rontrol points (c) resulting siirfatT 
Figiiro A..'J Lofting. 
shown in Figure A-.'k-. 
From Figure A..'} we see that the control points from the first ami fourth original N'URBS 
curves become the first cmd fourth row in the final surface's control point mesh. Ail four of the 
original curves are isoparame.trir curves on the final surf<we (curves on the siirfcice at constant 
r-values). 
A.8 Joining curves 
Two XURBS curves can be appenclerl eiid-to-encl to form a single NURBS curve 7S]. 
A.ssuine that the hust control point of the first NURBS ciu~ve is coincident with the first control 
p(jiut of the secomi NURBS ciu-ve (let's call tliis control point P,.). Also, fissiune that tlie fir.st 
curve s knot vector is 
1 2 
U x  =  { 0 . 0 . 0 . 0 .  - .  - .  1 .  1 .  1 . 1 }  
and the second curve's knot vector Ls 
1 2 U> = {0.0.0.0. -. -. -. 1. 1. 1.1} 
-t -4 -i 
The final curve's knot vector will then be 
1 2  1  2  
C' i  =  {0 .0 .0 .0 .  - .  1 .  1 .  1 .  1 - .  1 - .1 - .2 .2 .2 .2 }  
•i 4 4 4 
N(jtic-e how the kist knot in Ui is dropped (uj). the first end-knots in U-z axe dropped, and all 
the remaining knots in U2 are incrccised by ui (in tliis case 1). Optionally, we can normalize 
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Da to [0.1] 
t'3={o,o.o,o.i.?,y.y.5 .i. i .  1.1.1} 
Finally, the control points are simply appended, with one of the common control points (Pc) 
being dropped. 
If the degrees of the initial two cur\'es are not the same then degree elevation must be used 
before the curves are joined [68.78]. Also, two curves that do not share a common control 
point (Pc) can still be joined, however, a slightly modified algorithm must be used. In this 
work the upper and lower section curves are joined, and these curves are coincident at their 
end points. 
A. 9 Parameterization 
Given a sequence of data points (Qo^Qi,  Qn - i .Qn).  parameterization is the process 
of assigning a parametric value (u) to each data point. There are two common methods 
for parameterization: the chord length method, and the centripetal method [68]. To assign 
parameters using the chord length method, first calculate 
i=l 
where d is the total chord length. Then assign the first and last points; uq = 0 and ui = I. 
Now we can calculate the interior parameters with 
— — 1 Qj—1| . , 1 / . Ui = u,_i H 1 = 1 n — 1 (.\.10) 
d 
The procedure for centripetal fitting the data points is to calculate 
1=1 
followed bv 
Ui = H ^ 2 = 1 n — 1 (A.12) 
d 
and once again, ito = 0 and ui = 1. Notice how Equation A.9 differs from Equation A.11 only 
by the square root, likewise for Equations A.10 and A.12. 
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A centripetal fit will jneld a better interpolation when the spacing of the data points varies 
(i.e.. some of the adjacent data points are close while others are not). Most of the time when 
data points are interpolated in this work a centripetal parameterization is used because of 
uneven data point spacing (Sections 2.1.2, 2.1.4. 5.1.1). 
A. 10 Global interpolation 
Interpolation is simply the calculation of control points (Pq.P i Pn_i.P„) such that 
the resulting B-spline curve will pass through the data points (Qo-Qi-- -  -  •  Qn-i-Qn) at the 
designated parametric values (UQ .UI Un-i.Un) [4.67,68]. The (n + 1) x (n 4- 1) system of 
linear equations to solve are 
n 
Qk = C(uk) =  ^  -!Vi.p(wfc)Pi k = 0 n (A.13) 
1=0 
where QA - = C(ufc) indicates that we are setting the definition of the curve at the Ar"* parameter 
equal to the corresponding data point Q^. 
The knot vector, consisting of (m + 1) knots, is calculated from the parameter values (TJk) 
with 
Uo = • • • = Up = 0 "m-p = • • • = "m = 1 
J+p-l 
"j-rp = - H J = ^ " - P (A. 14) 
P i=j 
where p is the degree and m = n + p + I. 
With the knot vector known we can write Equation A. 13 in matrix form 
Qo No.piuo) -iVl.p("0) —l.p(^o) o 
J 
Po 
Qi -Vo.p(ui) l.p(wi) ^rl .p ( ^  1 ) Pi 
Qn —1 ^O.pi'^n— 1) l ,p(^n —I )  ^n.p{^n — l ) Pn -1 
Q" •^0,p(^Tx) •^l.p(^n) ^n — l.pi^Ti) ^n.pi^n ) Pn 
which can be solved using LU decomposition [68]. 
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